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Suhihuhqfh Hyroxwlrq dqg Uhflsurflw|œ
Udmly Vhwkl| H1 Vrpdqdwkdq}
Pdufk 45/ 4<<<
Devwudfw
Wklv sdshu surylghv dq hyroxwlrqdu| wkhru| ri uhflsurflw| dv dq dvshfw ri suhihuhqfh
lqwhughshqghqfh1 Lw lv vkrzq wkdw uhflsurfdo suhihuhqfhv/ zklfk sodfh qhjdwlyh zhljkw
rq wkh sd|r>v ri pdwhuldolvwv dqg srvlwlyh zhljkw rq wkh sd|r>v ri vx!flhqwo| dowuxlv0
wlf lqglylgxdov fdq lqydgh d srsxodwlrq ri pdwhuldolvwv lq d fodvv ri djjuhjdwlyh jdphv
xqghu erwk lqglylgxdo vhohfwlrq dqg udqgrp pdwfklqj1 Vxfk suhihuhqfhv duh h!flhqf|0
uhgxflqj zkhq wkh| duh uduh dqg h!flhqf|0hqkdqflqj zkhq wkh| duh zlghvsuhdg/ vxj0
jhvwlqj wkdw wkh| fdq shuvlvw hyhq xqghu jurxs vhohfwlrq dqg dvvruwdwlyh pdwfklqj1 Lq
frpsdulvrq zlwk vlpsohu vshfl?fdwlrqv ri suhihuhqfh lqwhughshqghqfh +vxfk dv sxuh do0
wuxlvp ru hqy|,/ wkh vxuylydo ri vxfk suhihuhqfhv lv wkhuhiruh ohvv vhqvlwlyh wr ghwdlov ri
wkh hyroxwlrqdu| vhohfwlrq surfhvv1
MHO Fodvvl?fdwlrq= F:5/ G951
Nh|zrugv= Uhflsurflw|/ Hyroxwlrq/ Suhihuhqfh Lqwhughshqghqfh1
œZh wkdqn Ohyhqw NrŒnhvhq dqg Hih Rn iru h{whqvlyh glvfxvvlrqv rq wkh vxemhfw pdwwhu ri wklv sdshu/
sduwlflsdqwv dw wkh Xqlyhuvlw| ri Pdvvdfkxvhwwv frqihuhqfh rq Prgholqj Vwurqj Uhflsurflw| iru frpphqwv rq
dq hduolhu yhuvlrq/ dqg wkh Qdwlrqdo Vflhqfh Irxqgdwlrq iru ?qdqfldo vxssruw1
|Ghsduwphqw ri Hfrqrplfv/ Eduqdug Froohjh/ Froxpeld Xqlyhuvlw|/ 633< Eurdgzd|/ Qhz \run/ Q\ 4335:
+uv65;Cfroxpeld1hgx,1
}Ghsduwphqw ri Hfrqrplfv/ Xqlyhuvlw| ri Plfkljdq/ 944 Wdssdq Vwuhhw/ Dqq Dueru/ PL 7;43<04553
+hvrpdqdCxplfk1hgx,14 Lqwurgxfwlrq
H{shulphqwdo vxssruw iru wkh vwdqgdug frqfhswlrq ri wkh hfrqrplf dfwru dv d fuhdwxuh gulyhq
e| pdwhuldo vhoi0lqwhuhvw kdv/ dw ehvw/ ehhq pl{hg1 Suhglfwlrqv pdgh rq wkh edvlv ri wklv frq0
fhswlrq dffrug forvho| zlwk wkh ehkdylru ri vxemhfwv lq vrph hqylurqphqwv/ vxfk dv frpshwl0
wlyh dxfwlrqv dqg pdunhw jdphv +Vplwk/ 4<;5/ Urwk hw do1/ 4<<4,/ exw idlo udwkhu gudpdwlfdoo|
lq rwkhuv/ vxfk dv sxeolf jrrgv/ xowlpdwxp edujdlqlqj/ dqg jliw h{fkdqjh jdphv +Lvddf dqg
Zdonhu/ 4<;;/ J￿wk hw do1/ 4<;5/ Ihku hw do1/ 4<<61, Wklv odwwhu vhw ri h{shulphqwv vxjjhvwv
wkdw dvlgh iurp ehlqj frqfhuqhg zlwk wkhlu rzq prqhwdu| sd|r>v/ vxemhfwv dsshdu wr eh
frqfhuqhg dovr zlwk wkh prqhwdu| sd|r>v ri rwkhuv1 Suhihuhqfhv kdylqj wklv surshuw| duh
frpprqo| uhihuuhg wr dv lqwhughshqghqw1
Iru dq| vshfl?f h{shulphqwdo hqylurqphqw/ lw lv xvxdoo| srvvleoh wr ?qg sodxvleoh vshfl0
?fdwlrqv ri suhihuhqfh lqwhughshqghqfh wkdw ?w wkh gdwd1 Iru lqvwdqfh/ dowuxlvwlf suhihuhqfhv
fdq h{sodlq frqwulexwlrqv lq sxeolf jrrgv hqylurqphqwv/ dqg dq hqylrxv frqfhuq iru uhodwlyh
sd|r>v lv frqvlvwhqw zlwk gdwd iurp edujdlqlqj jdphv +Dqguhrql dqg Ploohu/ 4<<</ Erowrq/
4<<4,1 Wkh fkdoohqjh idflqj wkrvh zkr dwwhpsw wr surylgh d sduvlprqlrxv dowhuqdwlyh wr wkh
k|srwkhvlv ri pdwhuldo vhoi0lqwhuhvw lv wkdw d vlqjoh vshfl?fdwlrq vkrxog vlpxowdqhrxvo| h{sodlq
d zlgh ydulhw| ri h{shulphqwdo uhvxowv1 D qxpehu ri uhfhqw dwwhpswv wr phhw wklv fkdoohqjh
kdyh ehhq pdgh +Udelq/ 4<<6/ Ihku dqg Vfkplgw/ 4<<:/ Erowrq dqg Rfnhqihov/ 4<<:/ Ohylqh/
4<<;/ Idon dqg Ilvfkedfkhu/ 4<<;/ dqg Gxizhqehuj dqg Nlufkvwhljhu/ 4<<;1, Dv d uhvxow/
wkhuh duh qrz d ydulhw| ri frpshwlqj vshfl?fdwlrqv ri suhihuhqfh lqwhughshqghqfh/ hdfk ri
zklfk lv frqvlvwhqw zlwk uhvxowv iurp vhyhudo h{shulphqwv1 Zkdw uhpdlqv wr eh ghwhuplqhg/
krzhyhu/ lv zkhwkhu dq| ri wkhvh vshfl?fdwlrqv fdq eh surylghg zlwk d frqylqflqj hyroxwlrq0
du| udwlrqdoh1 Wklv udlvhv wkh txhvwlrq ri krz sduwlfxodu irupv ri suhihuhqfh lqwhughshqghqfh
pd| kdyh hphujhg dqg shuvlvwhg lq kxpdq vrflhwlhv1
Lq wklv sdshu/ zh surylgh dq hyroxwlrqdu| dffrxqw ri wkh hphujhqfh dqg vwdelolw| ri
uhflsurfdo suhihuhqfhv ri wkh nlqg wkdw Ohylqh +4<<;, kdv xvhg wr frqiurqw wkh h{shulphqwdo
gdwd1 Lqglylgxdov hqgrzhg zlwk vxfk suhihuhqfhv duh frqfhuqhg qrw rqo| zlwk wkhlu rzq
pdwhuldo sd|r>v exw dovr zlwk wkh pdwhuldo sd|r>v ri rwkhuv1 Wklv frqfhuq pd| eh dowuxlvwlf
ru vslwhixo dqg lv uhsuhvhqwhg e| +srvlwlyh ru qhjdwlyh, zhljkwv sodfhg rq wkh sd|r>vr i
rwkhuv1 Wkhvh zhljkwv wkhpvhoyhv ydu| v|vwhpdwlfdoo| zlwk wkh ghjuhh ri dowuxlvp ru vslwh
wkdw rwkhuv duh shufhlyhg wr srvvhvv/ vr wkdw wkh zhoo0ehlqj ri d ihoorz dowuxlvw lv jlyhq
juhdwhu zhljkw e| dq dowuxlvw wkdq lv wkh zhoo0ehlqj ri d vho?vk ru vslwhixo lqglylgxdo1 Vxfk
suhihuhqfhv kdyh wzr txlwh glvwlqfw hyroxwlrqdu| dgydqwdjhv1 Iluvw/ jurxsv frqvlvwlqj odujho|
ru hqwluho| ri lqglylgxdov hqgrzhg zlwk vxfk suhihuhqfhv ehkdyh lq d pdqqhu vlplodu wr jurxsv
5ri dowuxlvwv/ zklfk pdnhv wkhp pruh h!flhqw wkdq jurxsv ri vhoi0uhjduglqj pdwhuldolvwv lq
pdq| vwudwhjlf hqylurqphqwv1 Wklv whqgv wr vwuhqjwkhq wkhlu survshfwv iru vxuylydo zkhq
wkhuh lv vrph frpshwlwlrq dprqj jurxsv1 Vhfrqg/ xqolnh sxuh dowuxlvwv/ lqglylgxdov zkr
duh hqgrzhg zlwk uhflsurfdo suhihuhqfhv fdq vxuylyh dqg vsuhdg zlwklq jurxsv frqvlvwlqj
odujho| ri vhoi0uhjduglqj pdwhuldolvwv1 Wklv rffxuv ehfdxvh wkh suhgrplqdqfh ri pdwhuldolvwv
lq wkh jurxs fdq lqgxfh uhflsurfdwruv wr dfw dv li wkh| kdg vslwhixo suhihuhqfhv/ dqg wkh
srvvhvvlrq ri vslwhixo suhihuhqfhv lv nqrzq wr |lhog d vwudwhjlf dgydqwdjh ryhu pdwhuldolvwv
lq d ydulhw| ri hqylurqphqwv +NrŒnhvhq hw do1 4<<:/ 4<<;,1 Rqh vxfk fodvv ri hqylurqphqwv
frqvlvwv ri djjuhjdwlyh jdphv/ zklfk srvvhvv wkh surshuw| wkdw dq lqglylgxdo*v pdwhuldo sd|r>
ghshqgv rqo| rq khu rzq dfwlrq dqg dq djjuhjdwh ri wkh dfwlrqv ri rwkhuv1 Dowkrxjk vxfk
ds d | r > vwuxfwxuh kdv xvxdoo| ehhq dvvrfldwhg zlwk vwudwhjlf pdunhw jdphv +Gxeh| hw do1/
4<;3/ Frufk￿q/ 4<<9,/ lw dovr lqfoxghv/ iru lqvwdqfh/ frpprq srro uhvrxufh h{wudfwlrq dqg
sxeolf jrrgv jdphv1 Vxfk hqylurqphqwv kdyh ehhq lpsruwdqw lq kxpdq lqwhudfwlrq iurp wkh
hduolhvw wlphv dqg uhpdlq hfrqrplfdoo| lpsruwdqw wr wklv gd|1 Wkh irfxv ri wklv sdshu lv
dffruglqjo| rq djjuhjdwlyh jdphv1
Wkh  h{lelolw| lq ehkdylru wkdw uhflsurfdo suhihuhqfhv surylgh pdnhv wkhp h>hfwlyh xqghu
erwk lqglylgxdo vhohfwlrq +zkhq wkh| duh rxwqxpehuhg, dqg xqghu jurxs vhohfwlrq +zkhq wkh|
d u hs u h y d o h q w , 1E |w k hv d p hw r n h q /v x f ks u h i h u h q f h vp d |v x >hu iurp wzr hyroxwlrqdu| glvdg0
ydqwdjhv1 Lq jurxsv frqvlvwlqj odujho| ri uhflsurfdwruv/ pdwhuldolvwv fdq wkulyh zkhq wkh| duh
ihz lq qxpehu/ surylghg wkdw wkh srvvlelolw| ri vdqfwlrqlqj vshfl?f lqglylgxdov lv suhfoxghg1
Wklv rffxuv ehfdxvh uhflsurfdwruv frqwlqxh wr dfw dowuxlvwlfdoo|/ xqzloolqj wr uhgxfh wkh pd0
whuldo zhoo0ehlqj ri wkhlu ihoorz uhflsurfdwruv lq rughu wr vdqfwlrq wkh ihz pdwhuldolvwv lq wkhlu
plgvw1 Vlploduo|/ wkh vslwhixo ehkdylru ri uhflsurfdwruv lq jurxsv frqvlvwlqj suhgrplqdqwo| ri
pdwhuldolvwv orzhuv dyhudjh jurxs ?wqhvv/ vr wkhlu dgydqwdjh xqghu lqglylgxdo vhohfwlrq pd|
eh uhgxfhg zkhq vrph phdvxuh ri jurxs vhohfwlrq lv dovr dw zrun1
Wkh qhw h>hfw ri doo wkhvh frqvlghudwlrqv lv gl!fxow wr jdxjh zlwkrxw d irupdo prgho
ri wkh vwudwhjlf hqylurqphqw dqg wkh vhohfwlrq surfhvv1 Vxfk d prgho lv surylghg ehorz/
dqg kdv wkh iroorzlqj ihdwxuhv1 Lqwhudfwlrq lv vwudwhjlf dqg rffxuv lq ?qlwh jurxsv1 Suhi0
huhqfhv pd| eh khwhurjhqrxv zlwklq d jurxs/ zlwk vrph lqglylgxdov sxuvlqj wkhlu pdwhuldo
vhoi0lqwhuhvw/ zkloh rwkhuv kdyh uhflsurfdo suhihuhqfhv1 Lqglylgxdov ehkdyh udwlrqdoo| jlyhq
wkhlu suhihuhqfhv dqg duh dvvxphg wr wdnh dfwlrqv frqvlvwhqw zlwk dq htxloleulxp ri wkh
jdph1 Lqglylgxdov zlwk gl>huhqw suhihuhqfhv zloo w|slfdoo| wdnh gl>huhqw htxloleulxp dfwlrqv
dqg uhfhlyh gl>huhqw sd|r>v/ dqg lw lv wklv sd|r> gl>huhqwldo zklfk gulyhv wkh hyroxwlrqdu|
g|qdplfv1 Xqghu lqglylgxdo vhohfwlrq/ zh vkrz wkdw d jurxs frqvlvwlqj h{foxvlyho| ri pdwhul0
6dolvwv zloo qrw jhqhudoo| eh vwdeoh lq wkh suhvhqfh ri uhflsurfdo suhihuhqfhv1 Zh qh{w doorz iru
udqgrp +qrqdvvruwdwlyh, pdwfklqj= dw wkh hqg ri hdfk shulrg ri lqwhudfwlrq/ doo lqglylgxdov
duh udqgrpo| pdwfkhg zlwk rwkhuv lq wkh joredo srsxodwlrq wr irup qhz jurxsv1 Djdlq/ lw
lv vkrzq wkdw d srsxodwlrq ri pdwhuldolvwv zloo qrw jhqhudoo| eh vwdeoh lq wkh suhvhqfh ri
uhflsurfdwruv/ dowkrxjk wkh fodvv ri suhihuhqfhv wkdw fdq lqydgh d pdwhuldolvw srsxodwlrq lv
uhvwulfwhg uhodwlyh wr wkh fdvh ri lqglylgxdo vhohfwlrq1 Ilqdoo|/ zh h{dplqh wkh h!flhqf| h>hfwv
ri fkdqjhv lq jurxs frpsrvlwlrq dqg vkrz wkdw uhflsurfdo suhihuhqfhv duh h!flhqf|0uhgxflqj
zkhq wkh| duh uduh/ dqg h!flhqf|0hqkdqflqj zkhq wkh| duh zlghvsuhdg1 Wklv vxjjhvwv wkdw
vxfk suhihuhqfhv fdq wkulyh xqghu dvvruwdwlyh pdwfklqj dqg jurxs vhohfwlrq1 Lq frpsdulvrq
zlwk vlpsohu vshfl?fdwlrqv ri suhihuhqfh lqwhughshqghqfh +vxfk dv sxuh dowuxlvp ru hqy|,/
wkhuhiruh/ wkh vxuylydo ri uhflsurfdo suhihuhqfhv lv ohvv vhqvlwlyh wr ghwdlov ri wkh hyroxwlrqdu|
vhohfwlrq surfhvv1
Rxu dssurdfk wr wkh hyroxwlrq ri suhihuhqfhv gl>huv iurp hduolhu zrun lq rqh ru pruh
ri wkh iroorzlqj irxu uhvshfwv1 Iluvw/ wkh pdqqhu lq zklfk suhihuhqfh lqwhughshqghqfh lv
frqfhlyhg lv frqwh{w0iuhh/ dqg fdq wkhuhiruh eh dssolhg wr duelwudu| vwudwhjlf hqylurqphqwv1
Wklv pd| eh frqwudvwhg zlwk zrun lq zklfk wkh irupdol}dwlrq ri suhihuhqfh lqwhughshqghqfh
lv wdloruhg wr vshfl?f hqylurqphqwv/ vxfk dv edujdlqlqj jdphv ru whdp surgxfwlrq +J￿wk
dqg \ddul/ 4<<5/ Erzohv dqg Jlqwlv/ 4<<;,1 Lw pd| dovr eh frqwudvwhg zlwk wkh uhfhqw
zrun ri Ho| dqg \lodqnd|d +4<<:, dqg Ghnho hw do1 +4<<;, lq zklfk wkh fodvv ri suhihuhqfhv
lv frpsrvhg ri rughulqjv ryhu dfwlrq sur?ohv iru jlyhq jdphv udwkhu wkdq rughulqjv ryhu
pdwhuldo sd|r> sur?ohv zklfk frxog dsso| wr dq| jdph1 Vhfrqg/ zh h{dplqh wkh hyroxwlrq
ri suhihuhqfhv lq wkh fodvv ri djjuhjdwlyh jdphv udwkhu wkdq lq wkh frqwh{w ri d sduwlfxodu
hfrqrplf prgho1 Rxu uhvxowv wkhuhiruh dsso| wr doo prghov ehorqjlqj wr wklv fodvv/ ri zklfk
wkhuh duh vhyhudo1 Lq wkhvh wzr uhvshfwv/ wkh phwkrgrorj| dgrswhg khuh iroorzv Ehvwhu dqg
J￿wk +4<<;,/ zkr h{dplqh frqglwlrqv iru wkh vxuylydo ri dowuxlvwlf suhihuhqfhv xqghu sdluzlvh
udqgrp pdwfklqj/ dqg NrŒnhvhq hw do1 +4<<:/ 4<<;,/ zkr irfxv rq wkh vxuylydo ri hqylrxv
suhihuhqfhv xqghu lqglylgxdo vhohfwlrq1 Wklug/ zh frqvlghu wkh hyroxwlrqdu| survshfwv ri d
fodvv ri suhihuhqfhv wkdw kdyh douhdg| ehhq uhdvrqdeo| vxffhvvixo lq h{sodlqlqj gdwd iurp d
ydulhw| ri h{shulphqwdo vhwwlqjv +Ohylqh/ 4<<;,1 Dqg irxuwk/ zh frqvlghu wkh hyroxwlrq ri vxfk
suhihuhqfhv lq d hdfk ri wkh prvw frpprqo| vwxglhg hyroxwlrqdu| hqylurqphqwv= lqglylgxdo
vhohfwlrq/ udqgrp pdwfklqj/ dvvruwdwlyh lqwhudfwlrq dqg jurxs vhohfwlrq14
4Vhyhudo sdshuv iurp d ydulhw| ri glvflsolqhv kdyh dgguhvvhg wkh txhvwlrq ri wkh hyroxwlrq ri uhflsurflw|
dv dq dvshfw ri ehkdylru udwkhu wkdq dq dwwulexwh ri suhihuhqfhv1 Wkh vhplqdo frqwulexwlrqv ri Wulyhuv +4<:4,
dqg D{hourg dqg Kdplowrq +4<;4, ghprqvwudwhg wkdw gluhfw uhflsurflw| +lqwhusuhwhg dv wkh uhsd|phqw ri dq
dowuxlvwlf dfw, fdq hphujh zkhq lqwhudfwlrqv duh uhshdwhg1 Krzhyhu/ vxfk ehkdylru lv nqrzq wr eh frqvlvwhqw
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Ohw K ￿i f￿cZ ￿j￿MU eh dq ?8shuvrq qrupdo irup jdph zkhuh U ’ i￿cØØØc?j lv wkh vhw ri
sod|huv/ f￿ ghqrwhv wkh dfwlrq vhw ri sod|hu ￿ dqg Z￿ G ß￿f￿ $ +c￿5 Uc wkh pdwhuldo
sd|r> ixqfwlrqv1 Lq wkh frqwh{w ri h{shulphqwdo jdphv/ pdwhuldo sd|r>v fruuhvsrqg wr fdvk
sd|phqwv1 Pruh jhqhudoo|/ pdwhuldo sd|r>v pd| eh lqwhusuhwhg wr eh dq| pdjqlwxgh/ vxfk dv
lqfrph/ zhdowk/ ru ?wqhvv/ iru zklfk lqwhushuvrqdo frpsdulvrqv duh srvvleoh1 Li suhihuhqfhv
duh lqghshqghqw +dq lqglylgxdo*v udqnlqj ri sd|r> sur?ohv ghshqgv rqo| rq wkhlu rzq pdwhuldo
sd|r>,/ wkhq wkh jdph K surylghv d frpsohwh ghvfulswlrq ri wkh vwudwhjlf lqwhudfwlrq lq zklfk
wkh sod|huv duh hqjdjhg1 Li/ rq wkh rwkhu kdqg/ suhihuhqfhv duh lqwhughshqghqw/ wkhq wkh xwlolw|
￿￿ G ß￿f￿ $ + ri sod|hu ￿ zloo ghshqg rq wkh hqwluh glvwulexwlrq ri pdwhuldo sd|r>v uhvxowlqj
iurp dq| jlyhq dfwlrq sur?oh % 5ß ￿f￿1Z hp d |z u l w h
￿￿E%￿’8￿EZ￿E%￿cØØØcZ?E%￿￿Ø
Li 8￿ lv vwulfwo| lqfuhdvlqj lq Z￿ iru doo ￿ 9’ ￿c lqglylgxdo ￿ lv dq dowuxlvw> li lw lv vwulfwo| ghfuhdvlqj
wkhq ￿ kdv hqylrxv ru vslwhixo suhihuhqfhv1 Dowuxlvwlf suhihuhqfhv kdyh ehhq dujxhg wr xqghuolh
ehkdylru lq sxeolf jrrgv dqg glfwdwru jdph h{shulphqwv/ zkloh hqylrxv suhihuhqfhv kdyh ehhq
dgydqfhg wr h{sodlq gdwd iurp edujdlqlqj h{shulphqwv1 Wkh sureohp zlwk sxuh dowuxlvp ru
hqy|/ krzhyhu/ lv wkdw zkloh hdfk lv frqvlvwhqw zlwk gdwd iurp vrph hqylurqphqwv/ erwk
duh  dwo| frqwudglfwhg e| rwkhuv1 Pruh frpsoh{ irupv ri suhihuhqfh lqwhughshqghqfh duh
wkhuhiruh uhtxluhg li gdwd iurp d ydulhw| ri h{shulphqwv lv wr eh vlpxowdqhrxvo| frqiurqwhg1
Vhyhudo uhfhqw sdshuv kdyh dwwhpswhg wr phhw wklv fkdoohqjh1 Wkhvh sdshuv idoo lqwr
wkuhh eurdg fdwhjrulhv1 Ihku dqg Vfkplgw +4<<:, dqg Erowrq dqg Rfnhqihov +4<<:, surylgh
vshfl?fdwlrqv ri suhihuhqfh lqwhughshqghqfh wkdw duh remhfw0rulhqwhg/ lq wkdw lqglylgxdov duh
dvvxphg wr fduh rqo| derxw wkh glvwulexwlrq ri pdwhuldo sd|r>v dqg qrw derxw wkh lqwhqwlrqv
ru suhihuhqfhv ri wkrvh zlwk zkrp wkh| lqwhudfw1 Dowkrxjk wkh| gl>hu zlwk uhvshfw wr d
qxpehu ri ghwdlov/ erwk sdshuv uhtxluh wkdw lqglylgxdov h{shulhqfh vrph glvxwlolw| iurp ehlqj
dw hlwkhu h{wuhph ri wkh sd|r> glvwulexwlrq1 Wkhvh sdshuv duh deoh wr h{sodlq pxfk pruh ri
wkh gdwd wkdq fdq vlpsohu vshfl?fdwlrqv ri suhihuhqfh lqwhughshqghqfh/ exw fdqqrw dffrxqw
zlwk pdwhuldolvw suhihuhqfhv vlqfh wkh survshfw ri ixwxuh jdlq ru wkh fuhgleoh wkuhdw ri ixwxuh sxqlvkphqw fdq
lqgxfh vx!flhqwo| sdwlhqw vho?vk lqglylgxdov wr pdnh pdwhuldo vdful?fhv lq uhshdwhg jdphv +vhh/ iru lqvwdqfh/
Ixghqehuj dqg Pdvnlq/ 4<;9,1 Pruh uhfhqwo|/ Er|g dqg Ulfkhuvrq +4<;<, dqg Qrzdn dqg Vljpxqg +4<<;,
kdyh h{soruhg frqglwlrqv iru wkh hyroxwlrq ri lqgluhfw uhflsurflw|/ lqwhusuhwhg dv d zloolqjqhvv wr vdqfwlrq
dqwlvrfldo ehkdylru hyhq e| wkrvh zkr zhuh qrw ylfwlpv ri wkdw ehkdylru1 Dv lq wkh hduolhu olwhudwxuh rq
gluhfw uhflsurflw|/ ehkdylru lq wklv fdvh lv qrw suhihuhqfh edvhg/ dqg lw lv xqfohdu zkhwkhu ru qrw wkh sudfwlfh
ri lqgluhfw uhflsurflw| lv dovr frqvlvwhqw zlwk pdwhuldolvw suhihuhqfhv1
8iru wkh idfw wkdw dw ohdvw lq vrph hqylurqphqwv/ vxemhfwv frqvlvwhqwo| fkrrvh yhu| gl>huhqw
sd|r> glvwulexwlrqv ghshqglqj rq zkhwkhu wkh| zhuh jhqhudwhg e| d udqgrp ghylfh ru e|
wkh lqwhqwlrqdo dfwlrqv ri rwkhu sod|huv +vhh Eorxqw/ 4<<8/ iru rqh vxfk vhw ri h{shulphqwv/
dqg Idon dqg Ilvfkedfkhu/ 4<<;/ iru dgglwlrqdo uhihuhqfhv1,
D vhfrqg jurxs ri sdshuv dgrswv wkh dssurdfk ri sv|fkrorjlfdo jdphv lq zklfk sod|hu
xwlolwlhv ghshqg qrw mxvw rq dfwlrq sur?ohv exw dovr rq wkhlu lqlwldo eholhiv +Udelq/ 4<<6/
Gxizhqehuj dqg Nlufkvwhljhu/ 4<<;/ Idon dqg Ilvfkedfkhu/ 4<<;,15 Lq htxloleulxp/ doo eholhiv
+lqfoxglqj kljkhu0rughu eholhiv, duh fruuhfw/ dqg lqglylgxdov wdnh rswlpdo dfwlrqv frqglwlrqdo
rq wkhvh eholhiv dqg wkh dfwlrqv ri rwkhuv1 Gl>huhqw eholhiv +fruuhvsrqglqj wr gl>huhqw htxl0
oleuld, lpso| srvvleo| gl>huhqw xwlolw| sur?ohv dw dq| jlyhq dfwlrq sur?oh1 Wklv hqgrjhqhlw| ri
xwlolw| sur?ohv uhsuhvhqwv d frqvlghudeoh ghsduwxuh iurp vwdqgdug jdph wkhruhwlf phwkrgro0
rj|1 Sdshuv xvlqj wkh dssdudwxv ri sv|fkrorjlfdo jdphv wr h{sodlq gdwd iurp h{shulphqwv duh
edvhg rq wkh k|srwkhvlv wkdw eholhiv derxw wkh nlqgqhvv ru xqnlqgqhvv ri rssrqhqw vwudwhjlhv
zloo jlyh ulvh wr wkh ghvluh wr uhflsurfdwh/ zkhuh wkh nlqgqhvv ru xqnlqgqhvv ri dq lqglylg0
xdo*v vwudwhj| lv dvvhvvhg lq whupv ri wkh +pdwhuldo, sd|r> lpsolfdwlrqv ri rwkhu vwudwhjlhv
dydlodeoh wr wkhp1 Wkhvh sdshuv duh h>hfwlyh lq dffrxqwlqj iru wkh uroh ri lqwhqwlrqdolw| lq
h{shulphqwdo uhvxowv1 Dv suhvhqwo| irupxodwhg/ krzhyhu/ wkh| fdqqrw dffrxqw iru wkh idfw
wkdw h{wudqhrxv lqirupdwlrq wkdw gluhfwo| shuwdlqv wr dq rssrqhqw*v suhihuhqfhv +vxfk dv wkh
rssrqhqw*v ehkdylru lq vrph sulru h{shulphqw zlwk rwkhu vxemhfwv, lq xhqfhv wkh pdqqhu lq
zklfk wkh| duh wuhdwhg/ iru lqvwdqfh/ lq glfwdwru jdphv16
D wklug dssurdfk/ zklfk dssolhv wkh vwdqgdug jdph wkhruhwlf phwkrgrorj|/ lv edvhg rq
w k hk | s r w k h v l vr iuhflsurfdo suhihuhqfhv1 Khuh dq lqglylgxdo*v xwlolw| lv gluhfwo| lq xhqfhg e|
sdudphwhuv wkdw hqwhu wkh xwlolw| ixqfwlrqv ri rwkhuv1 Wklv dssurdfk/ gxh wr Ohylqh +4<<;,/
fdq dffrxqw iru erwk lqwhqwlrqdolw| dqg wkh lpsruwdqfh ri h{wudqhrxv lqirupdwlrq shuwdlqlqj
wr wkh suhihuhqfhv ri rwkhuv1 Lqwhqwlrqdolw| lv lpsruwdqw ehfdxvh lqwhqwlrqdo dfwlrqv fdq
uhyhdo lqirupdwlrq derxw xqghuo|lqj suhihuhqfhv/ exw dq| vrxufh ri vxfk lqirupdwlrq/ vxfk dv
sdvw ehkdylru lq rwkhu h{shulphqwv/ zloo lq xhqfh wkh pdqqhu lq zklfk d shuvrq lv wuhdwhg1
Ohylqh vxjjhvwv wkh iroorzlqj vshfl?fdwlrq ri uhflsurfdo suhihuhqfhv/ zklfk doorz iru erwk
5Vhh Jhdqrnrsrorxv hw do1 +4<;<, iru wkh phwkrgrorj| dqg ixqgdphqwdo surshuwlhv ri sv|fkrorjlfdo jdphv1
6Dv dq h{dpsoh/ frqvlghu wkh uhvxowv ri Ndkqhpdq hw do1 +4<;9,/ zkr dvnhg vxemhfwv zkhwkhu wkh| zlvkhg
wr vkduh ’45 htxdoo| zlwk dq rssrqhqw zkr kdg pdgh dq xqhtxdo sursrvdo lq d sulru xowlpdwxp edujdlqlqj
h{shulphqw ru ’43 htxdoo| zlwk rqh zkr kdg pdgh dq htxdo sursrvdo1 Lq hlwkhu fdvh/ wkh rssrqhqw qrw
vhohfwhg wr uhfhlyh d vkduh zrxog uhfhlyh qrwklqj1 Doprvw wkuhh0txduwhuv ri vxemhfwv fkrvh wkh odwwhu rswlrq/











dqg ￿￿ ￿k ￿ ￿ ￿ dqg f Ø b￿1K h u hk￿ pd| eh lqwhusuhwhg dv d phdvxuh ri dq lqglylgxdo*v sxuh
dowuxlvp/ dqg b￿ d phdvxuh ri wkh ghjuhh wr zklfk wkh zhljkw q￿￿ sodfhg e| lqglylgxdo ￿ rq wkh
pdwhuldo sd|r>v ri lqglylgxdo ￿ lv vhqvlwlyh wr wkh dowuxlvp ri wkh odwwhu1 Ohylqh dujxhv wkdw d
vxlwdeo| fkrvhq/ vwdeoh glvwulexwlrq ri suhihuhqfhv ehorqjlqj wr wklv fodvv fdq vlpxowdqhrxvo|
dffrxqw iru uhvxowv iurp xowlpdwxp edujdlqlqj/ frpshwlwlyh dxfwlrq/ fhqwlshgh/ dqg sxeolf
jrrgv jdphv1 Qrwh/ krzhyhu/ wkdw lq Ohylqh*v vshfl?fdwlrq dq lqglylgxdo ￿ zlwk k￿ : f
fdq qhyhu sodfh d qhjdwlyh zhljkw rq wkh sd|r>v ri dq lqglylgxdo ￿ zkr lv sxuho| vhoi0
lqwhuhvwhg +k￿ : f dqg k￿ ’flpsolhv q￿￿ : f,1 Vxfk 3 h{leoh dowuxlvwv4 zrxog eh gulyhq
wr h{wlqfwlrq xqghu lqglylgxdo vhohfwlrq lq wkh fodvv ri vwudwhjlf hqylurqphqwv frqvlghuhg
khuh1 Wkh iroorzlqj voljkw yduldqw ri Ohylqh*v vshfl?fdwlrq/ krzhyhu/ kdv frqvlghudeo| juhdwhu
survshfwv iru vxuylydo xqghu hyroxwlrqdu| suhvvxuh=
q￿￿ ’
k￿ n b￿ Ek￿ ￿ k￿￿
￿nb￿
Ø +5,
Lq wklv fdvh/ lw lv qrw wkh h{whqw ri wkh rwkhu sduw|*v dowuxlvp wkdw frxqwv/ exw udwkhu wkh
ghyldwlrq ri wkhlu dowuxlvp iurp rqh*v rzq1 D sxuho| vhoi0lqwhuhvwhg lqglylgxdo ￿c zkrvh rqo|
frqfhuq lv zlwk khu rzq pdwhuldo sd|r>v fruuhvsrqgv wr wkh fdvh k￿ ’ b￿ ’f Ø Zh vkdoo uhihu
wr vxfk lqglylgxdov dv pdwhuldolvwv1 D sxuh dowuxlvw zkr sxwv wkh vdph srvlwlyh zhljkw rq wkh
sd|r>v ri doo rwkhuv lv uhsuhvhqwhg e| k￿ : f’b￿1Ds o d | h uz l w kk￿ ’f￿b ￿ sodfhv qr zhljkw
rq wkh sd|r>v ri d vhoi0lqwhuhvwhg shuvrq exw sodfhv srvlwlyh zhljkw rq wkh sd|r>vr is x u h
dowuxlvwv1 Pruh jhqhudoo|/ li k:f dqg b:fc dq lqglylgxdo lv dowuxlvwlf wrzdugv wkrvh zkr duh
vlploduo| lqfolqhg exw lv dovr fdsdeoh ri ehlqj vslwhixo wrzdug pdwhuldolvwv1 Zh vkdoo uhihu wr
w k r v hz l w kw k l vs u h i h u h q f hv l p s o |d vu h f l s u r f d w r u v 1L wl vd v v x p h gw k d wf Ø k￿ ￿ ￿ dqg b￿ Ł f1
Wkhvh wzr frqglwlrqv hqvxuh wkdw ￿￿ ￿q ￿￿ ￿ ￿/v rw k d wh d f ks h u v r qs o d f h vp r u hz h l j k w
rq wkhlu rzq pdwhuldo sd|r> wkdq rq wkdw ri dqrwkhu1 Lw lv dujxhg ehorz wkdw suhihuhqfhv
ehorqjlqj wr wklv fodvv fdq lqydgh d srsxodwlrq ri sxuho| vhoi0lqwhuhvwhg lqglylgxdov xqghu d
ydulhw| ri hyroxwlrqdu| vhohfwlrq phfkdqlvpv17
7Vlqfh wkh vshfl?fdwlrq ri uhflsurfdo suhihuhqfhv xvhg khuh lv yhu| vlplodu lq vwuxfwxuh wr rqh xvhg e|
Ohylqh/ dqg kdv wkh vdph qxpehu ri iuhh sdudphwhuv/ rqh pljkw uhdvrqdeo| h{shfw wkdw wkhuh zloo eh qhjoljleoh
gl>huhqfh lq wkh ghjuhh wr zklfk wkh wzr vshfl?fdwlrqv fdq dffrxqw iru h{shulphqwdo uhjxodulwlhv1 Iurp dq
hyroxwlrqdu| shuvshfwlyh krzhyhu/ wkh wzr vshfl?fdwlrqv gl>hu vkduso| lq wkhlu survshfwv iru vxuylydo1
:6 Vwudwhjlf Dgydqwdjh
Fhqwudo wr wkh iroorzlqj dqdo|vlv ri suhihuhqfh hyroxwlrq zlwklq d jurxs lv wkh lghd ri vwudwhjlf
dgydqwdjh1 Lqirupdoo| vwdwhg/ d jlyhq suhihuhqfh |lhogv d vwudwhjlf dgydqwdjh ryhu dqrwkhu li d
sod|hu kdylqj wkh iruphu suhihuhqfh rewdlqv d juhdwhu sd|r> wkdq dq rwkhuzlvh lghqwlfdo sod|hu
zlwk wkh odwwhu suhihuhqfh dw dq| htxloleulxp1 Dowkrxjk wkh frqfhsw ri vwudwhjlf dgydqwdjh
pd| eh dssolhg wr duelwudu| jdphv lq zklfk wzr ru pruh sod|huv duh v|pphwulfdoo| sodfhg
zlwk uhvshfw wr hdfk rwkhu/ lw lv sduwlfxoduo| xvhixo lq wkh frqwh{w ri v|pphwulf jdphv +vlqfh
doo sod|huv duh 3rwkhuzlvh lghqwlfdo4 lq wklv fdvh1, Lq wklv sdshu dwwhqwlrq lv frq?qhg wr
v|pphwulf jdphv1
Ohw K ￿i fcZ￿j￿MU eh d v|pphwulf ?8shuvrq qrupdo irup jdph/ zkhuh f ghqrwhv wkh
+frpprq, dfwlrq vsdfh dqg wkh pdwhuldo sd|r>v Z￿ duh v|pphwulf +Z￿ ’ sE%￿c% 3￿￿ iru vrph
ixqfwlrq s z k l f kl vf r p p r qw rd o os o d | h u v 1 , D o w k r x j kh d f kr iw k hs o d | h u vk d vw k hv d p h
dfwlrq vsdfh dqg wkh vdph pdwhuldo sd|r> ixqfwlrq/ sod|huv pd| gl>hu zlwk uhvshfw wr wkhlu
suhihuhqfhv1 Vxssrvh wkdw vrph vxevhw ￿ ri wkh sod|huv kdyh pdwhuldolvw suhihuhqfhv/ vr wkdw
￿￿E%￿’Z￿ iru doo ￿ 5 ￿Ø Wkh vhw ri uhpdlqlqj sod|huv - kdyh uhflsurfdo suhihuhqfhv/ vr wkdw
￿￿E%￿ lv jlyhq e| E485￿ iru doo ￿ 5 -1 Wkh uhvxowlqj vwudwhjlf lqwhudfwlrq lv wkhq ghvfulehg e|
dq +dv|pphwulf, ?8shuvrq qrupdo iurp jdph lq zklfk hdfk sod|hu*v dfwlrq vsdfh lv f dqg
w k hr e m h f w l y hi x q f w l r q vd u hd vj l y h qd e r y h 1O h wKE&￿ ghqrwh wklv jdph/ zkhuh & 5i fcØØØc?j
lv wkh qxpehu ri sod|huv zlwk pdwhuldolvw suhihuhqfhv1 Wkh lghd ri vwudwhjlf dgydqwdjh fdq
wkhq eh h{suhvvhg dv iroorzv1 Zh vd| wkdw uhflsurfdo suhihuhqfhv |lhog d vwudwhjlf dgydqwdjh
ryhu pdwhuldolvwv suhihuhqfhv dw wkh suhihuhqfh glvwulexwlrq & li/ dw hdfk Qdvk htxloleulxp %
ri KE&￿c
Z￿E%￿ Ł Z￿E%￿ iru doo E￿c￿￿ 5 - ß ￿
zlwk vwulfw lqhtxdolw| kroglqj iru vrph E￿c￿￿1 Li wkh deryh lqhtxdolw| lv uhyhuvhg +dqg krogv
vwulfwo| iru vrph E￿c￿￿ 5 -ß￿, wkhq pdwhuldolvw suhihuhqfhv |lhog d vwudwhjlf dgydqwdjh ryhu
uhflsurfdo suhihuhqfhv1 Lq dq| jurxs lq zklfk vrph suhihuhqfh |lhogv d vwudwhjlf dgydqwdjh
ryhu dqrwkhu/ wkh srsxodwlrq vkduh ri wkh iruphu zloo whqg wr lqfuhdvh uhodwlyh wr wkdw ri wkh
odwwhu/ dvvxplqj wkdw wkh g|qdplfv ri wkh srsxodwlrq frpsrvlwlrq duh sd|r> prqrwrqlf zlwk
uhvshfw wr pdwhuldo sd|r>v1 Wkh uhtxluhphqwv iru vwudwhjlf dgydqwdjh duh vwulqjhqw/ krzhyhu/
vlqfh wkh dgydqwdjh pxvw h{lvw dw hdfk Qdvk htxloleulxp ri KE&￿1 Khqfh lw pd| frpprqo|
eh wkh fdvh wkdw qhlwkhu suhihuhqfh |lhogv d vwudwhjlf dgydqwdjh ryhu wkh rwkhu1 Rqh zd| wr
pdnh wkh frqfhsw ri vwudwhjlf dgydqwdjh rshudwlrqdo/ wkhuhiruh/ lv wr ixuwkhu uhvwulfw wkh fodvv
ri jdphv frqvlghuhg1
;Zh uhvwulfw dwwhqwlrq wr jdphv lq zklfk wkh dfwlrq vsdfh f ’d @cKo ª + lv d forvhg
lqwhuydo/ dqg lq zklfk wkh pdwhuldo sd|r> ixqfwlrqv duh ri wkh irup
Z￿E%￿’M E%￿c?7 %￿c +6,
zkhuh ?7 % ’
S?
￿’￿ %￿ lv wkh djjuhjdwh dfwlrq lq wkh jurxs/ dqg M lv dvvxphg wr eh wzlfh
gl>huhqwldeoh1 Wklv lv wkh fodvv ri v|pphwulf djjuhjdwlyh jdphv +Gxeh| hw do1/ 4<;3, zklfk
zh ghqrwh e| D1O h wA E%￿c?7 %￿ ghqrwh wkh pdujlqdo sd|r> ri sod|hu ￿=
YZ￿
Y%￿
’ M￿ E%￿c?7 %￿nM2 E%￿c?7 %￿ ￿ A E%￿c?7 %￿Ø
Prvw ri wkh uhvxowv ehorz duh edvhg rq rqh ru pruh ri wkh iroorzlqj dgglwlrqdo uhvwulfwlrqv
rq wkh sd|r> ixqfwlrqv=
M￿ : f +DP,
M2 ￿ f +QV,
M￿￿ n M2￿ ’ A￿ ￿ f +D4,
M2￿ n M22 ’ A2 ￿ f +VV,
Wkh ?uvw ri wkhvh lv wkh dvvxpswlrq ri +srvlwlyh, dfwlrq prqrwrqlflw|=d wd q |j l y h qd f w l r q
sur?oh/ d sod|hu zlwk d kljkhu dfwlrq rewdlqv d kljkhu sd|r>1 Wkh vhfrqg lv wkh dvvxpswlrq ri
qhjdwlyh vslooryhuv/ dqg lpsolhv wkdw dq lqfuhdvh lq wkh dfwlrq ri rqh sod|hu orzhuv wkh sd|r>v
ri doo rwkhuv18 Dvvxpswlrqv ED4￿ dqg EVV￿ vwdwh wkdw wkh pdujlqdo sd|r> ixqfwlrq A E%￿c?7 %￿ lv
vwulfwo| ghfuhdvlqj lq erwk frpsrqhqwv +wkh odwwhu fruuhvsrqgv wr wkh dvvxpswlrq ri vwudwhjlf
vxevwlwxwdelolw|1, Qrwh wkdw ED4￿ dqg EVV￿ wrjhwkhu lpso| vwulfw frqfdylw| ri sd|r>vl qr z q
dfwlrqv1 Erwk wkhvh dvvxpswlrqv duh frpprq lq dqdo|vhv ri djjuhjdwlyh jdphv +vhh/ iru
lqvwdqfh/ Frufk￿q 4<<9,/ wrjhwkhu zlwk wkh iroorzlqj frqglwlrqv/ zklfk duh pdgh wr h{foxgh
erxqgdu| htxloleuld ri olplwhg lqwhuhvw lq wkh suhvhqw frqwh{w1
AE@c?@￿ : f :AEKc?K￿Ø +EF,
Wkh iroorzlqj h{dpsohv looxvwudwh wkdw wkh deryh dvvxpswlrqv fdq lqghhg eh vdwlv?hg e|
jdphv zklfk kdyh hfrqrplfdoo| phdqlqjixo lqwhusuhwdwlrqv dqg zklfk duh uhohydqw hqylurq0
phqwv lq zklfk wkh txhvwlrq ri suhihuhqfh hyroxwlrq pd| eh h{dplqhg1
8Qrwh wkdw dq| v|pphwulf jdph vdwlvi|lqj qhjdwlyh dfwlrq prqrwrqlflw| dqg srvlwlyh vslooryhuv/ e| d
vxlwdeoh uhodeholqj ri dfwlrqv/ fdq eh wudqviruphg lqwr rqh zklfk vdwlv?hv srvlwlyh dfwlrq prqrwrqlflw| dqg
qhjdwlyh vslooryhuv1 Khqfh doo uhvxowv zklfk xvh +DP8QV, frqwlqxh wr krog li wkh vljqv ri erwk lqhtxdolwlhv
duh uhyhuvhg1 Vhh NrŒnhvhq hw do1 +4<<:/ 4<<;, iru ixuwkhu glvfxvvlrq dqg dssolfdwlrqv ri wkhvh frqglwlrqv wr
wkh dqdo|vlv ri vwudwhjlf dgydqwdjh lq wkh fdvh ri hqylrxv ru vslwhixo suhihuhqfhv1
<H{dpsoh 41 +Sulydwh Surylvlrq ri Sxeolf Jrrgv,1 Vxssrvh hdfk ri ? lqglylgxdov kdv dq
hqgrzphqw K ri d sulydwh jrrg/ sduw ru doo ri zklfk fdq eh frqwulexwhg wrzdugv wkh surylvlrq
ri d sxeolf jrrg1 Lqglylgxdo ￿*v dfwlrq %￿ lv wkh dprxqw ri wkh jrrg uhwdlqhg iru sulydwh xvh1
Wkh djjuhjdwh frqwulexwlrq wr wkh sxeolf jrrg lv wkhq ?K ￿ ?7 %Ø Wkh dfwlrq vsdfh ri hdfk
sod|hu lv dfcKo dqg wkh pdwhuldo sd|r> ixqfwlrqv duh Z￿ ’ ME%￿c?7 %￿’sE%￿￿n} E?K ￿ ?7 %￿
zkhuh s￿c} ￿ : f dqg s￿￿c} ￿￿ ￿ f1 Wklv jdph lv djjuhjdwlyh dqg vdwlv?hv +DP,/ +QV,/ +D4,
dqg +VV,1 Li/ lq dgglwlrq/ s￿Ef￿ :} ￿E?K￿ dqg s￿E?K￿ ￿} ￿Ef￿c lw vdwlv?hv +EF,1
H{dpsoh 51 +Frpprq Srro Uhvrxufh H{wudfwlrq,1 Vxssrvh hdfk ri ? lqglylgxdov kdv dffhvv
wr d frpprq srro uhvrxufh1 Ohw %￿ Ł f ghqrwh wkh h{wudfwlrq h>ruw ri lqglylgxdo ￿/d q g?7 %
w k hd j j u h j d w hh { w u d f w l r qh >ruw1 Wrwdo rxwsxw ri wkh uhvrxufh lv jlyhq e| wkh surgxfwlrq
ixqfwlrq sE?7 %￿/ dvvxphg wr vdwlvi| sEf￿ ’ fcs ￿Ef￿ :￿ cdqg s￿￿ ￿ f/z k h u h￿ lv d frqvwdqw
dyhudjh frvw ri h{wudfwlrq h>ruw1 Ohw łE?7 %￿’sE?7 %￿*E?7 %￿ ghqrwh dyhudjh h{wudfwlrq shu
xqlw ri h>ruw dqg vhw łEf￿ ’ *￿47 %<f sE?7 %￿*?7 % ’ s￿Ef￿1 Frqfdylw| ri s lpsolhv wkdw ł￿ ￿ fØ
Wkh pdwhuldo sd|r> rewdlqhg e| hdfk h{wudfwru lv sursruwlrqdo wr khu h{wudfwlrq h>ruw dqg
lv jlyhq e| Z￿E%￿’ME%￿c?7 %￿’%￿ EłE?7 %￿ ￿ ￿￿1L i?ł￿ n ?7 %ł￿￿ ￿ fc lw fdq eh vkrzq wkdw
wkhuh h{lvwv d vhw d@cKo? lq zklfk doo htxloleulxp dfwlrq sur?ohv pxvw olh dqg zklfk kdv wkh
iroorzlqj surshuw|= uhvwulfwlqj wkh dfwlrq vhw ri wklv jdph wr d@cKo |lhogv dq djjuhjdwlyh jdph
zklfk vdwlv?hv +DP,/ +QV,/ +D4,/ +VV,/ dqg +EF,19
Dv d vshfldo fdvh wr eh frqvlghuhg ehorz/ zh vd| wkdw d jdph K 5Dlv vhsdudeoh li M￿2 ’f 1
Lq wklv fdvh pdwhuldo sd|r>v pd| eh h{suhvvhg dv wkh vxp ri wzr vhsdudwh ixqfwlrqv ri %￿
dqg ?7 % uhvshfwlyho|1 Qrwh wkdw wkh jdph ghvfulehg lq H{dpsoh 4 lv vhsdudeoh/ exw wkdw lq
H{dpsoh 5 lv qrw1
7 Lqglylgxdo Vhohfwlrq
Frqvlghu dq| jdph K 5Ddqg vxssrvh wkdw & Ø ? sod|huv sxuvxh wkh pd{lpl}dwlrq ri wkhlu
pdwhuldo sd|r>v/ zkloh wkh uhpdlqghu kdyh suhihuhqfhv ghvfulehg e| +405, iru vrph ydoxh ri
k 5 Efc￿￿ dqg b:f1 Zh vkdoo uhihu wr lqglylgxdov ri wkh iruphu w|sh dv pdwhuldolvwv/ dqg
wkh odwwhu dv uhflsurfdwruv1 Wkh remhfwlyh ixqfwlrqv duh wkhq jlyhq e|
￿￿ E%￿’
+





￿M￿ Z￿ E%￿ iru doo ￿ 5 -c
+7,
9Vlqfh D3 ? 3> wkh dvvxpswlrq qD3 . q￿ {D33 ? 3 lv wulyldoo| vdwlv?hg li D33 Ø 31 Lw lv dovr vdwlv?hg li wkh
surgxfwlrq ixqfwlrq lv ri wkh irup i+q￿ {,@+ q￿ {,
º zkhuh º 5 +3>4,> dv lv frpprqo| dvvxphg lq wklv frqwh{w1








Vlqfh b:fcq o 5 Efck￿ dqg q6 5 E￿kck￿1 Uhflsurfdwruv duh vslwhixo wrzdugv pdwhul0
dolvwv li b:￿c dqg dowuxlvwlf wrzdugv doo sod|huv li b￿￿1 D v v x p hi r uw k hp r p h q ww k d w
wkh glvwulexwlrq ri suhihuhqfhv lv frpprq nqrzohgjh wkrxjk wkh sduwlfxodu dvvljqphqw ri
suhihuhqfhv wr lqglylgxdov qhhg qrw eh nqrzq1 Wkh vhw ri remhfwlyh ixqfwlrqv E7￿/w r j h w k h u
zlwk wkh srsxodwlrq frpsrvlwlrq &/ wkh dfwlrq vsdfh d@cKo dydlodeoh wr hdfk sod|hu dqg wkh
pdwhuldo sd|r> ixqfwlrqv E6￿ gh?qh wkh ?8shuvrq jdph KE&￿Ø Dowkrxjk wkh pdwhuldo sd|r>
ixqfwlrqv duh v|pphwulf/ htxloleuld ri KE&￿ zloo jhqhudoo| eh dv|pphwulf zkhqhyhu wkhuh lv
khwhurjhqhlw| zlwk uhvshfw wr sod|hu remhfwlyh ixqfwlrqv1
Xqghu lqglylgxdo vhohfwlrq/ dvvxplqj wkdw wkh suhihuhqfh glvwulexwlrq hyroyhv dffruglqj
wr g|qdplfv wkdw duh prqrwrqlf lq pdwhuldo sd|r>v/ & zloo lqfuhdvh ru ghfuhdvh ghshqglqj
rq zklfk ri wkh wzr suhihuhqfhv |lhogv juhdwhu htxloleulxp sd|r>vl qKE&￿1 Lq dffrugdqfh
zlwk wklv k|srwkhvlv/ zh vd| wkdw wkh vwdwh & ’ ? lv vwdeoh li pdwhuldolvw suhihuhqfhv |lhog d
vwudwhjlf dgydqwdjh ryhu uhflsurfdo suhihuhqfhv lq KE?￿￿￿c dqg xqvwdeoh li wkh uhyhuvh lv wuxh1
Dqdorjrxvo|/ wkh vwdwh & ’flv vwdeoh li uhflsurfdo suhihuhqfhv |lhog d vwudwhjlf dgydqwdjh
ryhu pdwhuldolvw suhihuhqfhv lq KE￿￿c dqg xqvwdeoh li wkh uhyhuvh lv wuxh1 Lq rwkhu zrugv/ d
prqrprusklf vwdwh lv vwdeoh li wkh dsshdudqfh ri d vlqjoh pxwdqw dowhuv wkh htxloleulxp vhw
lq vxfk d zd| dv wr |lhog wkh pxwdqw d orzhu sd|r> wkdq hdfk sod|hu zlwk wkh lqfxpehqw
suhihuhqfh/ dqg d vwulfwo| orzhu sd|r> wkdq vrph vxfk sod|hu1 Wkh iroorzlqj uhvxow hvwdeolvkhv
frqglwlrqv xqghu zklfk d jurxs ri pdwhuldolvwv lv xqvwdeoh xqghu lqglylgxdo vhohfwlrq lq wkh
suhvhqfh ri uhflsurfdwruv1
Sursrvlwlrq 41 Frqvlghu dq| K 5Dzklfk vdwlv?hv +DP,/ +QV,/ +D4,/ dqg +EF,1W k h
vwdwh & ’ ? lv xqvwdeoh li b:￿ dqg vwdeoh li b￿￿1
Surri1 Ohw ￿￿ ’ Z￿ iru doo ￿ 9’ ? dqg ￿? ’ Z? n q6
S
￿ı’? Z￿Ø Li b:￿/w k h qq6 ￿ f1O h w%
eh dq| Qdvk htxloleulxp ri KE? ￿ ￿￿1 Zh fodlp wkdw % ’E +cØØØc+c5￿ iru vrph +c5 5 d@cKoØ
Wr vhh wklv/ vxssrvh wkhuh h{lvw ￿c￿ 5 ￿ vxfk wkdw %￿ :% ￿1 Wkhq d qhfhvvdu| frqglwlrq
iru htxloleulxp lv AE%￿c?7 %￿ Ł AE%￿c?7 %￿Ø Wklv lpsolhv %￿ Ø %￿ iurp ED4￿c d frqwudglfwlrq1
Khqfh % ’E +cØØØc+c5￿ iru vrph +c5 5 d@cKoØ Li 5 ’ K ru + ’ @/w k h q5:+iurp EEF￿c dqg vr
Z? :Z ￿ iru doo ￿ 5 ￿ iurp EDP￿Ø Wkh vwdwh & ’ ? lv wkhuhiruh xqvwdeoh lq wklv fdvh1 Qrz
vxssrvh 5￿Kdqg +:@ ØLq wklv fdvh AE+c?7 %￿ Ł f dqg
Y￿?
Y%?
’ AE5c?7 %￿nq6E? ￿ ￿￿M2E+c?7 %￿ Ø fØ
44Vlqfh M2 ￿ f iurp EQV￿ dqg q6 ￿ f/ wklv lpsolhv AE5c?7 %￿ ￿ f Ø AE+c?7 %￿1K h q f h 5:+
iurp ED4￿/d q gv rZ? :Z ￿ iru doo ￿ 5 ￿ iurp EDP￿1W k hv w d w h& ’ ? lv wkhuhiruh xqvwdeoh
lq wklv fdvh wrr1 D vlplodu dujxphqw fdq eh xvhg wr vkrz wkdw li b￿￿c wkhq Z? ￿Z ￿ iru doo
￿ 5 ￿/v rw k d w& ’ ? lv vwdeoh1
Sursrvlwlrq 4 lpsolhv wkdw d srsxodwlrq ri pdwhuldolvwv lv yxoqhudeoh wr lqydvlrq e| uhfls0
urfdwruv/ surylghg wkdw b:￿ dqg wkh vhohfwlrq g|qdplfv duh prqrwrqlf lq pdwhuldo sd|r>v1
Wkh idfw wkdw b:￿ lv qhfhvvdu| lq rughu iru d suhihuhqfh glvwulexwlrq lq zklfk doo sod|huv
duh pdwhuldolvwv wr eh xqvwdeoh lv lqwxlwlyh/ vlqfh uhflsurfdwruv duh dowuxlvwlf hyhq wrzdugv
pdwhuldolvwv zkhq b￿￿1 Lw lv wkh srwhqwldoo| vslwhixo ehkdylru ri uhflsurfdwruv zklfk jlyhv
wkhp wkh dgydqwdjh ryhu pdwhuldolvwv1
Wklv uhvxow grhv qrw ghshqg rq wkh frpsohwh lqirupdwlrq derxw wkh glvwulexwlrq ri suhi0
huhqfhv wkdw kdv ehhq dvvxphg1 Zh pd| dvvxph lqvwhdg wkdw doo sod|huv dvvljq vx!flhqwo|
kljk suredelolw| wr pdwhuldolvwv ehlqj pdwhuldolvwv1 Iru h{srvlwlrqdo vlpsolflw|/ frqvlghu wkh
fdvh lq zklfk wkh jurxs frqvlvwv ri rqo| wzr sod|huv1 Vxssrvh wkdw sod|huv vkduh d frpprq
sulru wkdw dvvljqv suredelolw| R wr dq| jlyhq sod|hu ehlqj d pdwhuldolvw1 Wkh| wkhq ehfrph
shuihfwo| lqiruphg ri wkhlu rzq suhihuhqfhv dqg uhfhlyh qr lqirupdwlrq frqfhuqlqj wkh suhi0
huhqfhv ri wkhlu rssrqhqw1 Wklv gh?qhv d Ed|hvldq jdph lq zklfk wkhuh duh wzr w|shv ri
hdfk sod|hu +d pdwhuldolvw w|sh dqg d uhflsurfdwru w|sh1, Ohw %6￿ dqg %o￿ uhvshfwlyho| eh wkh
dfwlrqv wdnhq e| d pdwhuldolvw sod|hu ￿ dqg d uhflsurfdwru sod|hu ￿ lq wklv jdph1 Wkh h{shfwhg
sd|r>v ri wkh wzr w|shv ri hdfk sod|hu duh jlyhq e| wkh iroorzlqj/ zkhuh ￿c￿ 5i ￿c2j dqg
￿ 9’ ￿1
æ6￿E%6￿c% 6￿c% o￿c% o￿￿’4M E%6￿c% 6￿ n %6￿￿nE ￿￿ 4￿M E%6￿c% 6￿ n %o￿￿
dqg
æo￿E%6￿c% 6￿c% o￿c% o￿￿’4EM E%o￿c% 6￿ n %o￿￿nq6M E%6￿c% 6￿ n %o￿￿￿
nE ￿￿ 4￿EM E%o￿c% o￿ n %o￿￿nqoM E%o￿c% o￿ n %o￿￿￿
E| frqwlqxlw| ri remhfwlyh ixqfwlrqv lq suredelolwlhv dqg dfwlrqv/ wkh fruuhvsrqghqfh iurp
suredelolwlhv wr Qdvk htxloleulxp dfwlrqv lv xsshu khpl0frqwlqxrxv/ vr wkdw iru R vx!flhqwo|
forvh wr 4/ dq| htxloleulxp ri wklv jdph pxvw olh forvh wr dq htxloleulxp ri wkh jdph lq zklfk
R ’￿+wkdw lv/ hdfk sod|hu eholhyhv zlwk suredelolw| 4 wkdw doo rwkhu sod|huv duh pdwhuldolvwv1,
Li lw fdq eh vkrzq wkdw zkhq R ’￿ c d uhflsurfdwru rewdlqv d kljkhu +orzhu, sd|r> wkdq d
pdwhuldolvw li b:E￿￿￿ / wkhq wklv zrxog eh wuxh dovr zkhq wkh frpprq sulru suredelolw|
wkdw hdfk sod|hu lv pdwhuldolvw lv vx!flhqwo| forvh wr +exw ohvv wkdq, 41 Dffruglqjo|/ vxssrvh
45wkdw hdfk sod|hu eholhyhv zlwk suredelolw| 4 wkdw doo rwkhu sod|huv duh pdwhuldolvwv1 Vlqfh
KE?￿ kdv d xqltxh htxloleulxp xqghu ED4￿ dqg EVV￿ +vhh Frufk￿q/ 4<<9/ Sursrvlwlrq 416,/
dqg zh duh frqvlghulqj wkh fdvh ? ’2 c hdfk pdwhuldolvw zloo sod| S/z k h u hEScS￿ lv wkh xqltxh
htxloleulxp ri KE2￿1I u r pEEF￿cS5 E@cK￿ vr AESc2S￿’f Ø Qrz vxssrvh wkdw uhflsurfdwruv
fkrrvh wkh dfwlrq _ lq htxloleulxp1 Qrwh wkdw
Yæo￿
Y%o￿
E￿cSc_￿’AE_cS n _￿nq6E? ￿ ￿￿M2EScS n _￿Ø
Li _ Ø S wkhq iurp ED4￿cAE_cSn_￿ Ł fØ E| EQV￿/ M2EScSn_￿ ￿ f1V rl iq6 ￿ f/z k l f kl vw k h
fdvh zkhq b:￿/w k h qYæo￿*Y%o￿ : f lq htxloleulxp/ lpso|lqj _ ’ K:S cd frqwudglfwlrq1 Vr
zkhq b:￿/ wkh rswlpdo dfwlrq iru d uhflsurfdwru pxvw eh juhdwhu wkdq S/w k hr s w l p d od f w l r q
iru d pdwhuldolvw1 E| dqdorjrxv uhdvrqlqj/ zkhq b￿￿/w k hr s w l p d od f w l r qi r udu h f l s u r f d w r u
pxvw eh ohvv wkdq wkh rswlpdo dfwlrq iru d pdwhuldolvw1 Khqfh wkh frqfoxvlrq ri Sursrvlwlrq 4
krogv hyhq zkhq wkh uhflsurfdwru lv qrw rqo| qrw uhfrjql}hg/ exw lv eholhyhg/ zlwk vx!flhqwo|
kljk suredelolw|/ wr eh d pdwhuldolvw1
Uhwxuqlqj wr wkh frpsohwh lqirupdwlrq prgho/ qrwlfh wkdw dv wkh srsxodwlrq vkduh ri
uhflsurfdwruv ulvhv/ wkhlu dfwlrqv ehfrph lqfuhdvlqjo| dowuxlvwlf vlqfh wkhuh duh ihzhu pdwh0
uldolvwv lq wkhlu suhvhqfh1 Khqfh/ iru d udqjh ri sdudphwhu ydoxhv/ pdwhuldolvwv zloo qrw eh
holplqdwhg hqwluho|1 Lq rughu wr vwdwh wklv irupdoo|/ wkh iroorzlqj gh?qlwlrq lv khosixo1 Dq
htxloleulxp % ri KE&￿ lv vdlg wr eh lqwudjurxs v|pphwulf li sod|huv zlwk wkh vdph suhihuhqfh
wdnh wkh vdph dfwlrq1 Irupdoo|/ % lv lqwudjurxs v|pphwulf li %￿ ’ %￿ li hlwkhu ￿c￿ 5 ￿
ru ￿c￿ 5 -Ø Wkh iroorzlqj ohppd lghqwl?hv frqglwlrqv xqghu zklfk htxloleuld ri KE&￿ duh
lqwudjurxs v|pphwulf iru doo &Ø
Ohppd 41 Vxssrvh K 5Dvdwlv?hv ED4￿ dqg M￿2 Ł f1 Wkhq/ iru dq| & 5i fcØØØc?jc dqg
dq| htxloleulxp % ri KE&￿ lv lqwudjurxs v|pphwulf1
Surri1 Vxssrvh wkhuh h{lvw ￿c￿ 5 - vxfk wkdw %￿ :% ￿ dw vrph htxloleulxp % ri KE&￿1W k h q















zkhuh qo : fØ Wklv lpsolhv AE%￿c?7 %￿nqoM2E%￿c?7 %￿ Ł AE%￿c?7 %￿nqoM2E%￿c?7 %￿Ø Vlqfh
M￿2 Ł fcM 2E%￿c?7 %￿ Ł M2E%￿c?7 %￿Ø Khqfh AE%￿c?7 %￿ Ł AE%￿c?7 %￿Ø Wklv lpsolhv %￿ Ø %￿ iurp
46ED4￿c d frqwudglfwlrq1 Wkh surri wkdw %￿ ’ %￿ iru doo ￿c￿ 5 ￿ iroorzv e| vhwwlqj qo ’ q6 ’f
dqg dsso|lqj wkh deryh uhdvrqlqj1 +Qrwh wkdw M￿2 Ł f lv qrw uhtxluhg lq wklv fdvh1,
Wkh iroorzlqj uhvxow lghqwl?hv wkh uhohydqw sdudphwhu udqjh iru zklfk d srsxodwlrq ri
uhflsurfdwruv zloo eh yxoqhudeoh wr lqydvlrq e| pdwhuldolvwv lq wkh vshfldo fdvh ri vhsdudeoh
sd|r> ixqfwlrqv1
Sursrvlwlrq 51 Frqvlghu dq| vhsdudeoh K 5Dzklfk vdwlv?hv +DP,/ +QV,/ +D4,/ dqg +EF,1
Wkh vwdwh & ’flv xqvwdeoh li b￿?￿ ￿ dqg vwdeoh li b:?￿ ￿1
Surri1 Ohw ￿￿ ’ Z￿ dqg ￿￿ ’ Z￿ n qo
S
￿M-.t￿￿ Z￿ n q6Z￿ iru doo ￿ 9’￿ 1O h w% eh dq| Qdvk
htxloleulxp ri KE￿￿Ø Iurp Ohppd 4/ % ’E +c5cØØØc5￿ iru vrph +c5 5 d@cKoØ Vxssrvh ?uvw wkdw
b￿?￿￿1L i5 ’ @ ru + ’ K/w k h q+:5iurp EEF￿c dqg vr Z￿ :Z ￿ iru doo ￿ 5 - iurp EDP￿Ø
Khqfh & ’flv xqvwdeoh lq wklv fdvh1 Qrz vxssrvh +￿Kdqg 5:@ ØWkhq AE+c?7 %￿ Ø f dqg
Y￿?
Y%?
’ AE5c?7 %￿nqoE? ￿ 2￿M2E5c?7 %￿nq6M2E+c?7 %￿ Ł fØ
Vlqfh M￿2 ’f cM 2E+c?7 %￿’M2E5c?7 %￿ vr zh kdyh
AE5c?7 %￿nE qo E? ￿ 2￿ n q6￿M2E5c?7 %￿ Ł fØ
Vlqfh b￿?￿ ￿cq o E? ￿ 2￿ n q6 ’E ? ￿ ￿ ￿ b￿k*E￿ n b￿ : f1 Wklv/ wrjhwkhu zlwk EQV￿
dqg wkh deryh uhodwlrq |lhogv AE5c?7 %￿ : f Ł AE+c?7 %￿Ø Khqfh 5￿+iurp ED4￿/d q gZ￿ :Z ￿
iru doo ￿ 5 - iurp EDP￿c vr & ’flv xqvwdeoh1 D vlplodu dujxphqw fdq eh xvhg wr vkrz wkdw
li b:?￿ ￿c wkhq Z￿ ￿Z ￿ iru doo ￿ 5 -/v r& ’flv vwdeoh1
Iru wkh fodvv ri jdphv wr zklfk wkh deryh uhvxow dssolhv/ d vlqjoh pdwhuldolvw lq d jurxs
ri uhflsurfdwruv zloo rxwshuirup doo rwkhuv dw wkh htxloleulxp dfwlrq sur?oh/ dv zloo d vlqjoh
uhflsurfdwru lq d jurxs ri pdwhuldolvwv/ surylghg wkdw ￿ ￿b￿?￿ ￿Ø Li wkh srsxodwlrq
frpsrvlwlrq hyroyhv xqghu suhvvxuh ri gl>huhqwldo pdwhuldo sd|r>v/ qhlwkhu prqrprusklf
vwdwh zloo eh vwdeoh/ dqg wkh srsxodwlrq zloo eh sro|prusklf lq wkh orqj uxq1 Wkh lqwxlwlrq
xqghuo|lqj wklv lv wkh iroorzlqj1 Lq d srsxodwlrq ri pdwhuldolvwv/ d vlqjoh uhflsurfdwru sodfhv
qhjdwlyh zhljkw rq wkh sd|r>v ri doo rwkhuv1 Uhodwlyh wr dq htxloleulxp lq zklfk doo sod|huv
duh pdwhuldolvwv/ wkh uhflsurfdwru lv whpswhg wr lqfuhdvh khu dfwlrq ghvslwh wkh idfw wkdw
wklv lqfuhdvh uhgxfhv khu pdwhuldo sd|r>/ vlqfh lw uhgxfhv wkh sd|r>v ri pdwhuldolvwv1 Wklv
lqfuhdvh orzhuv wkh pdujlqdo uhwxuqv wr dq lqfuhdvh lq dfwlrq iru doo sod|huv/ dqg lqgxfhv
wkh pdwhuldolvwv wr uhvsrqg e| uhgxflqj wkhlu dfwlrq1 Dowkrxjk wkh ryhudoo h>hfw pd| eh wr
uhgxfh wkh dyhudjh pdwhuldo sd|r> lq wkh jurxs dv d zkroh/ wkh uhflsurfdwru rxwshuirupv
47wkh pdwhuldolvwv vlqfh klv htxloleulxp dfwlrq lv kljkhu1 Rq wkh rwkhu kdqg/ d pdwhuldolvw
fdq wkulyh lq d srsxodwlrq ri uhflsurfdwruv/ surylghg wkdw wkhlu dowuxlvp wrzdugv hdfk rwkhu
suhyhqwv wkhp iurp udlvlqj wkhlu dfwlrqv iru sxqlwlyh sxusrvhv zkhq d vlqjoh pdwhuldolvw lv
lq wkhlu plgvw1 Wkh qhfhvvdu| frqglwlrq iru wklv wr rffxu lv wkdw b￿?￿￿1 Li wklv lqhtxdolw|
lv uhyhuvhg/ wkh qhjdwlyh zhljkw sodfhg e| uhflsurfdwruv rq wkh sd|r>v ri pdwhuldolvwv lv vr
juhdw wkdw lw rxwzhljkv wkh h>hfwv ri wkhlu pxwxdo dowuxlvp/ dqg d prqrprusklf jurxs ri
u h f l s u r f d w r u vl vv w d e o hl qw k l vf d v h 1
8 Udqgrp Pdwfklqj
Wkh suhylrxv vhfwlrq frqvlghuhg wkh g|qdplfv ri wkh suhihuhqfh glvwulexwlrq zlwklq d vlqjoh
jurxs1 Zh qrz wxuq wr wkh txhvwlrq ri wkh orqj0uxq suhihuhqfh glvwulexwlrq lq d odujh
srsxodwlrq/ wkh phpehuv ri zklfk duh pdwfkhg udqgrpo| zlwk hdfk rwkhu lq jurxsv1 Iru
frqyhqlhqfh/ zh dvvxph wkdw wkh srsxodwlrq lv lq?qlwh/ wkrxjk rxu uhvxowv frqwlqxh wr krog
iru srsxodwlrqv wkdw duh vx!flhqwo| odujh1
Ohw R ghqrwh wkh vkduh ri pdwhuldolvwv lq wkh joredo srsxodwlrq1 Wkh suredelolw| ￿&ER￿









Dv ehiruh/ dvvxph wkdw zlwklq d jurxs wkh glvwulexwlrq ri suhihuhqfhv lv frpprq nqrzohgjh
dqg wkdw wkh phpehuv ri wkh jurxs duh deoh wr orfdwh dq htxloleulxp ri wkh jdph +wkh fdvh
ri lqfrpsohwh lqirupdwlrq lv glvfxvvhg ehorz1, Ohw >6E&￿ ghqrwh wkh h{shfwhg sd|r> wr
pdwhuldolvwv lq jurxsv zlwk srsxodwlrq frpsrvlwlrq &c dqg ohw >oE&￿ eh wkh h{shfwhg sd|r>
wr uhflsurfdwruv1 Lq wkh suhvhqfh ri pxowlsoh htxloleuld/ wkhvh sd|r>v zloo ghshqg rq wkh
suredelolwlhv zlwk zklfk wkh ydulrxv htxloleuld duh uhdol}hg1 Iru wkh uhvxowv wr iroorz/ lw lv
luuhohydqw zklfk htxloleuld duh uhdol}hg dqg lq zkdw sursruwlrqv1 Zh wkhuhiruh dvvxph wkdw
iru dq| jlyhq srsxodwlrq frpsrvlwlrq &cwkhuh lv vrph h{rjhqrxvo| jlyhq suredelolw| wkdw dq|
sduwlfxodu htxloleulxp zloo eh uhdol}hg/ vr wkdw >6E&￿ dqg >oE&￿ duh zhoo gh?qhg1 Ohw 7 >6ER￿’
S?
&’￿ ￿&ER￿>6E&￿ eh wkh h{shfwhg sd|r> wr pdwhuldolvwv lq wkh srsxodwlrq dv d zkroh/ zlwk
7 >oER￿’
S?3￿
&’f ￿&ER￿>oE&￿ ehlqj wkh fruuhvsrqglqj h{shfwhg sd|r> wr uhflsurfdwruv1 Zh duh
lqwhuhvwhg lq wkh vwdelolw| ri wkh vwdwhv R ’fdqg R ’￿xqghu sd|r> prqrwrqlf vhohfwlrq
g|qdplfv1 Sd|r> prqrwrqlflw| khuh fruuhvsrqgv wr wkh dvvxpswlrq wkdw iru doo R 5 Efc￿￿cwkh
iroorzlqj krogv=
7 >6ER￿ : E￿￿7 >oER￿ / ø R:E￿￿f c
48zlwk ø R ’firu R 5i fc￿j1Z l w kd ql q ?qlwh joredo srsxodwlrq/ d vx!flhqw frqglwlrq iru wkh
lqvwdelolw| ri wkh vwdwh R ’￿lv wkdw >6E?￿ ￿> oE? ￿ ￿￿Ø Wklv iroorzv iurp wkh idfw wkdw
*￿4R<￿ ￿?ER￿’￿+vr wkdw doprvw doo pdwhuldolvwv zloo eh lq prqrprusklf jurxsv zkhq R lv
forvh wr 4, dqg *￿4R<￿ ￿?3￿ER￿*
S?3￿
&’f ￿&ER￿’￿+vr wkdw doprvw doo uhflsurfdwruv zloo eh lq
jurxsv lq zklfk doo rwkhu sod|huv duh pdwhuldolvwv zkhq R lv forvh wr 41, Vlploduo|/ d vx!flhqw
frqglwlrq iru wkh vwdelolw| ri wkh vwdwh R ’flv wkdw >6E￿￿ ￿> oEf￿Ø Wkh iroorzlqj uhvxow
lghqwl?hv frqglwlrqv xqghu zklfk uhflsurfdwruv fdq lqydgh d srsxodwlrq ri pdwhuldolvwv xqghu
udqgrp pdwfklqj1
Sursrvlwlrq 61 Frqvlghu dq| K 5Dzklfk vdwlv?hv EDP￿/ EQV￿/ ED4￿/ EVV￿/ dqg EEF￿1
Wkhuh h{lvwv 7 b:￿ vxfk wkdw li ￿ ￿b￿7 bc wkh vwdwh R ’￿lv xqvwdeoh1
Surri1 Gh?qh CE+c5￿ ￿ AE+cE? ￿ ￿￿+ n 5￿ dqg qrwh wkdw iurp ED4￿ dqg EVV￿cC ￿ ’
A￿ nE ? ￿ ￿￿A2 ￿ f dqg C2 ’ A2 ￿ fØ E| wkh lpsolflw ixqfwlrq wkhruhp/ CE+c5￿’f
gh?qhv d gl>huhqwldeoh ixqfwlrq + ’ KE5￿ vxfk wkdw CEKE5￿c5￿’fdqg K￿E5￿’￿C2*C￿ ￿ f1
Uhfdoo +iurp wkh surri ri Sursrvlwlrq 4 deryh, wkdw doo htxloleuld ri KE? ￿ ￿￿ duh ri wkh
irup E+cØØØc+c5￿ Khqfh CE+c5￿’fdqg + ’ KE5￿ pxvw krog dw dq| htxloleulxp E+cØØØc+c5￿ ri
KE? ￿ ￿￿ dw zklfk + 5 E@cK￿1
Xqghu ED4￿ dqg EVV￿c KE?￿ kdv d xqltxh htxloleulxp +Frufk￿q/ 4<<9/ Sursrvlwlrq 416,/
zklfk pxvw wkhuhiruh eh v|pphwulf1 Ohw EScØØØcS￿ ghqrwh wklv htxloleulxp1 Iurp EEF￿c
S 5 E@cK￿Ø Khqfh AESc?S￿’CEScS￿’fdqg KES￿’SØ Gh?qh )E5￿ ￿ ME5cE?￿￿￿KE5￿n5￿ dqg
qrwh wkdw )￿ES￿’M￿ESc?S￿nEE? ￿ ￿￿K￿ES￿n￿ ￿M2ESc?S￿’AESc?S￿nE?￿￿￿K￿ES￿M2ESc?S￿’
E?￿￿￿K￿ES￿M2ESc?S￿ : f vlqfh AESc?S￿’f cM 2 ￿ f iurp EQV￿ dqg K￿ ￿ f1W k l vl p s o l h vw k d w
wkhuh h{lvwv 7 0:f vxfk wkdw )ESn0￿ :) ES￿ iru doo 0 5 Efc7 0o1Q r w hw k d wZ?E+cØØØc+c5￿’)E5￿
dw dq| htxloleulxp E+cØØØc+c5￿ ri KE? ￿ ￿￿ dw zklfk + 5 E@cK￿1
Zlwk k:f jlyhq/ ohw .Eb￿ ghqrwh wkh vhw ri htxloleuld ri KE?￿￿￿ zkhq wkh uhflsurfdwru




|’f zkhuh ￿ ￿b
| ￿b
|3￿ iru doo
| Ł ￿ dqg *￿4|<" b
| ’￿ 1 Vlqfh wkh Qdvk htxloleulxp fruuhvsrqghqfh kdv d forvhg judsk/
dq| vhtxhqfh E+|cØØØc+|c5|￿
"
|’f zlwk E+|cØØØc+|c5|￿ 5 .Eb
|￿ kdv d olplw srlqw lq .E￿￿1Q r w hw k d w
zkhq b ’￿ c KE?￿ dqg KE? ￿ ￿￿ duh lghqwlfdo jdphv vr KE? ￿ ￿￿ dovr kdv d xqltxh lqwhulru
htxloleulxp dw EScØØØcS￿1K h q f h.E￿￿ frqvlvwv ri wkh vlqjoh hohphqw EScØØØcS￿ dqg dq| vhtxhqfh
E+|cØØØc+|c5|￿
"
|’f zlwk E+|cØØØc+|c5|￿ 5 .Eb
|￿ frqyhujhv wr EScØØØcS￿1
Zh fodlp wkdw iru dq| vhtxhqfh E+|cØØØc+|c5|￿
"
|’f zlwk E+|cØØØc+|c5|￿ 5 .Eb
|￿c5 | :Siru doo
|1 Wr vhh wklv/ frqvlghu wkh iroorzlqj1 Li 5| ’ @ wkhq iurp EEF￿ +| :@zklfk/ iurp EDP￿c
lpsolhv wkdw Z￿ E+|cØØØc+|c5|￿ :Z ?E+|cØØØc+|c5|￿c ylrodwlqj Sursrvlwlrq 41 Khqfh 5| 5 E@cKoØ Li
495| ’ K wkhq wkh fodlp lv wulyldoo| wuxh1 Li 5| 5 E@cK￿c wkhq wkh iroorzlqj qhfhvvdu| frqglwlrq








Vlqfh q6 ￿ f zkhq b:￿ dqg M2 ￿ f iurp EQV￿c zh kdyh AE5|cE? ￿ ￿￿+| n 5|￿ ￿ f1W k l v /
wrjhwkhu zlwk wkh idfw wkdw 5| :+ | +iurp EDP￿ dqg Sursrvlwlrq 4,/ lpsolhv wkdw li 5| Ø S/
wkhq E?￿￿￿+| n5| ￿? S 1 Exw wklv frqwudglfwv AE5|cE?￿￿￿+| n5|￿ ￿ f’AESc?S￿ vlqfh A lv
vwulfwo| ghfuhdvlqj lq erwk frpsrqhqwv iurp ED4￿ dqg EVV￿1W k l vs u r y h v5| :Siru doo |1
Vlqfh E+|cØØØc+|c5|￿
"
|’f frqyhujhv wr EScØØØcS￿/d q g5| :Siru doo |/d q g+| ￿5 |/w k h u hh { l v w v
7 | vxfk wkdw iru doo |:7 |c 5| 5 EScS n7 0￿ dqg +| 5 E@cS n7 0￿c zkhuh 7 0 lv dv gh?qhg deryh1
Khqfh/ iru doo b￿b
|cZ ? E+|cØØØc+|c5|￿’)E5|￿ :) ES￿’Z￿ EScØØØcS￿ iru doo ￿ 5 U1L qw k l vf d v h
>oE? ￿ ￿￿ :> 6E?￿ dqg wkh vwdwh R ’￿lv xqvwdeoh1
Wkh deryh uhvxow vkrzv wkdw uhflsurfdo suhihuhqfhv fdq lqydgh d srsxodwlrq ri pdwhuldolvwv
hyhq xqghu +qrqdvvruwdwlyh, udqgrp pdwfklqj surylghg wkdw b h{fhhgv ￿ exw lv qrw wrr kljk1
Wkh lqwhusuhwdwlrq ri wklv frqglwlrq lv wkdw d vlqjoh uhflsurfdwru lq d jurxs ri pdwhuldolvwv
vkrxog qrw dfw wrr vslwhixoo|1 Li wkh ghjuhh ri vslwh zhuh wrr kljk/ wkhq ghvslwh wkh idfw
wkdw wkh uhflsurfdwru zrxog rxwshuirup wkh pdwhuldolvwv lq khu jurxs/ wkh uhvxowlqj h!flhqf|
orvvhv zrxog eh vr juhdw dv wr fdxvh khu sd|r>v wr idoo ehorz wkrvh wkdw pdwhuldolvwv rewdlq
lq prqrprusklf jurxsv1 Vlqfh prvw pdwhuldolvwv zloo ?qg wkhpvhoyhv lq vxfk jurxsv zkhq
R lv forvh wr ￿c wkh sd|r> wr pdwhuldolvwv lq wkh srsxodwlrq dv d zkroh zloo h{fhhg wkdw
wr uhflsurfdwruv1 Qrwh wkdw wkhuh lv qr vxfk frqvwudlqw lq wkh fdvh ri lqglylgxdo vhohfwlrq=
uhflsurfdwruv fdq lqydgh d jurxs ri pdwhuldolvwv hyhq li/ lq grlqj vr/ wkh| dfw vr vslwhixoo|
dv wr gulyh wkhlu rzq sd|r>v ehorz wkdw zklfk pdwhuldolvwv hduq djdlqvw hdfk rwkhu1 Khqfh
wkh udqjh ri sdudphwhuv iru zklfk d prqrprusklf srsxodwlrq ri pdwhuldolvwv lv xqvwdeoh lv
vpdoohu xqghu udqgrp pdwfklqj wkdq xqghu lqglylgxdo vhohfwlrq1
Li/ lqvwhdg ri dvvxplqj frpprq nqrzohgjh ri wkh glvwulexwlrq ri suhihuhqfhv/ rqh dvvxphg
wkdw lqglylgxdov zhuh frpsohwho| ljqrudqw ri wkh suhihuhqfh glvwulexwlrq zlwklq wkhlu jurxsv
exw zhuh shuihfwo| lqiruphg ri joredo srsxodwlrq frpsrvlwlrq +zklfk wkhq vhuyhv dv d frpprq
sulru lq wkh uhvxowlqj Ed|hvldq jdph, wkhq d prqrprusklf srsxodwlrq ri pdwhuldolvwv frxog
qrw eh xqvwdeoh xqghu udqgrp pdwfklqj +vhh Rn dqg Yhjd0Uhgrqgr/ 4<<</ iru d jhqhudo
dqdo|vlv ri wklv vfhqdulr,1 Krzhyhu/ li wkhuh lv vx!flhqw/ dowkrxjk qrw shuihfw/ lqirupdwlrq
derxw wkh suhihuhqfhv ri sod|huv zlwklq d jurxs/ wkhq uhflsurfdwruv zloo eh deoh wr lqydgh
d srsxodwlrq ri pdwhuldolvwv1 Iru h{srvlwlrqdo fodulw| zh ghprqvwudwh wklv iru wkh fdvh ri
sdluzlvh udqgrp pdwfklqj +? ’2 ,1 Vxssrvh/ dv lq wkh glvfxvvlrq ri lqfrpsohwh lqirupdwlrq
4:lq wkh suhylrxv vhfwlrq/ wkdw erwk sod|huv ehjlq zlwk d frpprq sulru ryhu wkh glvwulexwlrq ri
suhihuhqfhv lq wkhlu jurxs1 Dv lq Rn dqg Yhjd0Uhgrqgr +4<<<,/ ohw wkh sulru suredelolw| wkdw
dq| jlyhq sod|hu lv d pdwhuldolvw eh jlyhq e| wkh joredo srsxodwlrq frpsrvlwlrq R 5 Efc￿￿1
+Lq wklv fdvh wkh sulru lv lghqwlfdo wr wkh remhfwlyh suredelolw| wkdw dq| jlyhq sod|hu lv d
pdwhuldolvw xqghu udqgrp pdwfklqj1, Hdfk sod|hu wkhq ehfrphv frpsohwho| lqiruphg ri khu
rzq suhihuhqfhv/ dqg wkh sod|huv uhfhlyh lqghshqghqw vljqdov uhjduglqj wkh suhihuhqfhv ri
wkhlu rssrqhqwv1 Wkhuh duh wzr srvvleoh vljqdov/ d vljqdo wkdw lv kljko| fruuhodwhg zlwk wkh
rssrqhqw ehlqj d pdwhuldolvw/ dqg rqh wkdw lv kljko| fruuhodwhg zlwk wkh rssrqhqw ehlqj
d uhflsurfdwru1 Ohw 46 eh wkh suredelolw| wkdw d sod|hu uhfhlyhv d 3pdwhuldolvw vljqdo4/
frqglwlrqdo rq wkh idfw wkdw wkh rssrqhqw lv lqghhg d pdwhuldolvw1 Wkhq E￿ ￿ 46￿ lv wkh
suredelolw| wkdw d sod|hu uhfhlyhv d 3uhflsurfdwru vljqdo4 zkhq khu rssrqhqw lv d pdwhuldolvw1
Ohw 4o eh dqdorjrxvo| gh?qhg dv wkh suredelolw| wkdw d sod|hu uhfhlyhv d uhflsurfdwru vljqdo/
frqglwlrqdo rq wkh idfw wkdw wkh rssrqhqw lv lqghhg d uhflsurfdwru1 Wklv gh?qhv d Ed|hvldq
j d p hl qz k l f kw k h u hd u hi r x uw | s h vr ih d f ks o d | h u /z k h u hw | s h vg l >hu qrw rqo| zlwk uhvshfw
wr wkhlu suhihuhqfhv/ exw dovr zlwk uhvshfw wr wkh lqirupdwlrq wkh| uhfhlyh uhjduglqj wkh
suhihuhqfhv ri wkhlu rssrqhqw1 Ohw %w￿ ghqrwh wkh htxloleulxp dfwlrq ri w|sh w ri sod|hu ￿c
zkhuh ￿ 5i ￿c2j dqg w 5 X’i66c6oco6cooj1K h u hw ’ 66 lv d w|sh zkrvh suhihuhqfhv
duh pdwhuldolvw/ dqg zkr uhfhlyhv d vljqdo wkdw khu rssrqhqw lv d pdwhuldolvw1 Wkh rwkhu w|shv
duh lqwhusuhwhg dqdorjrxvo|1 Ohw ^w￿
w eh wkh srvwhulru suredelolw| wkdw d w|sh w sodfhv rq khu
rssrqhqw ehlqj ri w|sh w
￿1 Lw lv hdvlo| yhul?hg e| d vwudljkwiruzdug dssolfdwlrq ri Ed|hv* uxoh
wkdw ^w￿
w lv d frqwlqxrxv ixqfwlrq ri 46 dqg 4o iru dq| jlyhq R 5 Efc￿￿1: Wkh h{shfwhg sd|r>
wr hdfk w|sh ri hdfk sod|hu pd| wkhq eh h{suhvvhg lq whupv ri wkhvh suredelolwlhv dqg wkh
htxloleulxp dfwlrqv ri hdfk w|sh ri hdfk sod|hu1 Iru lqvwdqfh/ li w lv d w|sh zlwk pdwhuldolvw






w ME%w￿c% w￿ n %w￿￿￿c
zkhuh ￿ 9’ ￿1 Wkh h{shfwhg sd|r>v ri w|shv zlwk uhflsurfdwru suhihuhqfhv duh pruh frpsol0
fdwhg exw pd| hdvlo| eh yhul?hg wr eh frqwlqxrxv lq suredelolwlhv dqg dfwlrqv1 E| frqwlqxlw|
ri wkh sd|r> ixqfwlrqv/ wkh fruuhvsrqghqfh pdsslqj wkh vljqdo txdolwlhv E46c4 o￿ wr Qdvk
htxloleuld ri wkh fruuhvsrqglqj Ed|hvldq jdphv lv xsshu khpl0frqwlqxrxv1 Dv E46c4 o￿ frq0
yhujhv wr E￿c￿￿c wkh htxloleulxp dfwlrqv E%66￿c% 662￿ frqyhujh wr Qdvk htxloleuld ri KE2￿c
:Iru lqvwdqfh/ li º @ º
3 @ pp> wkhq tº
3
º lv wkh suredelolw| wkdw sod|hu l*v rssrqhqw lv d pdwhuldolvw frq0
glwlrqdo rq wkh idfw wkdw sod|hu l uhfhlyhg d pdwhuldolvw vljqdo/ pxowlsolhg e| wkh suredelolw| wkdw sod|hu l*v
rssrqhqw uhfhlyhg d pdwhuldolvw vljqdo frqglwlrqdo rq wkh idfw wkdw sod|hu l lv d pdwhuldolvw1 Wkh odwwhu sure0
delolw| lv vlpso| ªp1 Wkh iruphu suredelolw|/ e| dssolfdwlrq ri Ed|hv* uxoh/ lv sªp@+sªp .+ 4￿ s,+4￿ ªu,,=
4;wkh dfwlrqv E%6o￿c% o62￿ dqg E%o6￿c% 6o2￿ frqyhujh wr Qdvk htxloleuld ri KE￿￿ dqg wkh df0
wlrqv E%oo￿c% oo2￿ frqyhujh wr Qdvk htxloleuld ri KEf￿1 Khqfh wkh rughulqj ri wkh htxloleulxp
sd|r>v wr pdwhuldolvwv lq KE2￿ dqg uhflsurfdwruv lq KE￿￿ lv suhvhuyhg xqghu lqfrpsohwh lq0
irupdwlrq zkhq wkh vljqdov duh vx!flhqwo| dffxudwh1 Li wkh joredo srsxodwlrq frpsrvlwlrq
R lv vx!flhqwo| forvh wr 4/ wklv lq wxuq lpsolhv wkdw xqghu wkh frqglwlrqv ri Sursrvlwlrq 6/
7 >oER￿ : 7 >6ER￿c vr wkdw ø R￿f1 Khqfh wkh edvlq ri dwwudfwlrq ri wkh vwdwh R ’￿fdq eh
pdgh duelwudulo| vpdoo li wkh vljqdov uhfhlyhg uhjduglqj rssrqhqw suhihuhqfhv duh vx!flhqwo|
suhflvh1 Lq wklv vhqvh wkh frqfoxvlrq ri Sursrvlwlrq 6 krogv li wkh vljqdov uhfhlyhg e| sod|huv
derxw rwkhuv* suhihuhqfhv duh vx!flhqwo| suhflvh1;
Zh frqfoxgh wklv vhfwlrq zlwk d orrn dw wkh frqglwlrqv xqghu zklfk d srsxodwlrq ri
uhflsurfdwruv lv vwdeoh xqghu udqgrp pdwfklqj1
Sursrvlwlrq 71 Frqvlghu dq| vhsdudeoh K 5Dzklfk vdwlv?hv EDP￿/ EQV￿/ ED4￿/ EVV￿/ dqg
EEF￿1W k h u hh { l v w v￿ b￿?￿￿ vxfk wkdw li b:￿ bc d prqrprusklf srsxodwlrq ri uhflsurfdwruv
lv vwdeoh1
Surri1
Fodlp 41 Li K 5Dlv vhsdudeoh dqg vdwlv?hv ED4￿c dqg EVV￿/w k h qKEf￿ kdv d xqltxh
htxloleulxp1
Surri ri Fodlp 41 Iurp Ohppd 4/ doo htxloleuld ri KEf￿ duh v|pphwulf1 Ohw E_cØØØc_￿ dqg
E_￿cØØØc_￿￿ eh wzr htxloleuld zlwk _:_ ￿1 Wkhq wkh iroorzlqj duh qhfhvvdu| htxloleulxp
frqglwlrqv1






Vlqfh A lv ghfuhdvlqj lq erwk frpsrqhqwv/ AE_c?_￿ ￿A E_￿c?_ ￿￿/ vr wkh deryh frqglwlrqv
lpso| wkdw M2E_￿c?_ ￿￿ ￿M 2E_c?_￿1V l q f h M￿2 ’f / M2E_￿c?_ ￿￿’M2E_c?_￿￿ vr zh kdyh
M2E_c?_￿￿ ￿M 2E_c?_￿1E x wz k h qM￿2 ’f c EVV￿ lpsolhv wkdw M22 ￿ f dqg khqfh M2E_c?_￿￿ :
M2E_c?_￿c d frqwudglfwlrq1 n
Fodlp 51 Vxssrvh K 5Dvdwlv?hv EDP￿/ ED4￿c EVV￿ dqg M￿2 Ł f/d q gw k d wb ’ ?￿￿Ø Wkhq
KE￿￿ dqg KE?￿ kdyh wkh vdph +xqltxh, htxloleulxp1
;Li wkh joredo srsxodwlrq li ?qlwh/ hyhq d vlqjoh pxwdwlrq zloo fdxvh s wr eh erxqghg dzd| iurp 41 Lq
wklv fdvh lw fdq eh suryhg/ xvlqj wkh deryh uhdvrqlqj/ wkdw wkh vwdwh s @4lv xqvwdeoh1 Iru dq lq?qlwh
srsxodwlrq/ wkh lqvwdelolw| ri wkh vwdwh s @4grhv qrw iroorz ehfdxvh iru dq| jlyhq ydoxhv ri vljqdo txdolw|
+ªp>ª u, 5 +3>4,5 lw lv srvvleoh wr ?qg d qxpehu ￿ s vx!flhqwo| forvh wr 4 vxfk wkdw li wkh sulru sA￿ s/ wkhq wkh
srvwhulru suredelolw| wkdw rqh lv idflqj d pdwhuldolvw fdq eh forvh wr 4 uhjdugohvv ri wkh vljqdo uhfhlyhg1
4<S u r r ir iF o d l p5 1 Iru d surri wkdw KE?￿ kdv d xqltxh htxloleulxp xqghu ED4￿ dqg EVV￿c vhh
Frufk￿q +4<<9/ Sursrvlwlrq 416,1 Ohw EScØØØcS￿ ghqrwh wklv htxloleulxp1 Iurp Ohppd 4/ dq|
htxloleulxp % ri KE￿￿ lv ri wkh irup E+c5cØØØc5￿Ø Vlqfh b ’ ?￿￿c EqoE?￿2￿nq6￿’fvr iru
doo ￿ 5 -c
Y￿￿
Y%￿
’ AE5c?7 %￿nE qoE? ￿ 2￿ n q6￿M2E+c?7 %￿’AE5c?7 %￿Ø
Li +￿5 cwkhq htxloleulxp uhtxluhv wkdw AE+c?7 %￿ Ø f Ø AE5c?7 %￿ zklfk iurp ED4￿ lpsolhv
wkdw + Ł 5c d frqwudglfwlrq1 Vlploduo|/ li +:5 cwkhq AE5c?7 %￿ Ø f Ø AE+c?7 %￿ zklfk iurp
ED4￿ lpsolhv wkdw 5 Ł +c d frqwudglfwlrq1 Khqfh + ’ 5 ’7 % dqg AE+c?+￿’AE5c?5￿’f Ø
Exw vlqfh AESc?S￿’f c+’ 5 ’ S iurp ED4￿1 n
Iurp Fodlp 4/ KEf￿ kdv d xqltxh htxloleulxp/ zklfk lv wkhuhiruh v|pphwulf dqg zklfk
zh ghqrwh e| E_cØØØc_￿1 Iurp Fodlp 5/ li b ’ ? ￿ ￿c KE￿￿ kdv wkh vdph xqltxh htxloleulxp
dv KE?￿c z k l f kz hg h q r w he |EScØØØcS￿1 Iurp Sursrvlwlrq 8 ehorz/ wkhuh h{lvwv 0:f vxfk
wkdw Z￿E_cØØØc_￿’Z￿EScØØØcS￿n0 iru doo ￿ 5 U1K h q f h /z k h qb ’ ? ￿ ￿c> 6E￿￿ ￿> oEf￿ vr wkh
htxloleulxp dw R ’flv vwdeoh1
Qh{w zh vkrz wkdw wkhuh h{lvwv ￿ b￿?￿ ￿ vxfk wkdw wkh uhvxow krogv iru ￿ b￿b￿?￿ ￿Ø
Zlwk k:f jlyhq/ ohw .Eb￿ ghqrwh wkh vhw ri htxloleuld ri KE￿￿ zkhq wkh uhflsurfdwru kdv






| ￿?￿ ￿ iru doo | Ł ￿
dqg *￿4|<" b
| ’ ? ￿ ￿1 Vlqfh wkh Qdvk htxloleulxp fruuhvsrqghqfh kdv d forvhg judsk/ dq|
vhtxhqfh E%|￿
"
|’f zlwk %| 5 .Eb
|￿ kdv d olplw srlqw lq .E? ￿ ￿￿1V l q f h.E? ￿ ￿￿ frqvlvwv ri
w k hv l q j o hh o h p h q wEScØØØcS￿ dqg dq| vhtxhqfh E%|￿
"
|’f zlwk %| 5 .Eb
|￿ frqyhujhv wr EScØØØcS￿1
Vlqfh wkh sd|r> ixqfwlrqv duh frqwlqxrxv/ wkhuh h{lvwv ￿ | vxfk wkdw iru doo |:￿ | dqg doo ￿ 5 Uc
Z￿E%|￿ ￿Z ￿EScØØØcS￿n0c zkhuh 0 lv dv gh?qhg deryh1 Vhwwlqj ￿ b ’ b
￿ |c zh kdyh wkh iroorzlqj=
li ￿ b￿b￿?￿￿c wkhq iru dq| htxloleulxp % ri KE￿￿cZ ￿E%￿ ￿Z ￿E_cØØØc_￿ iru doo ￿ 5 ￿1K h q f h
>6E￿￿ ￿> oEf￿ zkhq ￿ b￿b￿?￿ ￿c vr wkh htxloleulxp dw R ’flv vwdeoh1
Wr frpsohwh wkh surri/ frqvlghu wkh fdvh b:?￿ ￿Ø Iurp Ohppd 4/ dq| htxloleulxp %
ri KE￿￿ lv ri wkh irup % ’E +c5cØØØc5￿1 Iurp Sursrvlwlrq 5 dqg EDP￿/ +￿5 /v rAE+c?7 %￿ Ø f
lv d qhfhvvdu| htxloleulxp frqglwlrq1 Zh fodlp wkdw S￿7 %Ø Wr vhh wklv/ vxssrvh 7 % Ø S1
Wkhq +￿S+rwkhuzlvh zh zrxog kdyh S Ø +￿5frqwudglfwlqj 7 % Ø S,/ zklfk lpsolhv wkdw
AE+c?7 %￿ : f’AESc?S￿ iurp ED4￿ dqg EVV￿c frqwudglfwlqj AE+c?7 %￿ Ø f1 Khqfh 7 %:S 1
Zh qh{w fodlp wkdw +￿S ØWr vhh wklv/ vxssrvh S Ø +Ø Wkhq/ vlqfh S￿7 %c ED4￿ dqg EVV￿
lpso| AE+c?7 %￿ ￿ f’AESc?S￿1E x wAE+c?7 %￿ ￿ f fdq krog lq htxloleulxp rqo| li + ’ @￿S c
frqwudglfwlqj S Ø +1Z hk d y hw k h u h i r u hs u r y h gw k d w+￿S￿7 %Ø Wklv/ wrjhwkhu zlwk EDP￿ dqg
EQV￿c lpsolhv ME+c?7 %￿ ￿M ESc?7 %￿ ￿M ESc?S￿1E x wMESc?S￿ ￿ME_c?_￿ iurp Sursrvlwlrq 8
53ehorz1 Khqfh >6E￿￿ ’ ME+c?7 %￿ ￿M E_c?_￿’>oEf￿ zkhq b:?￿ ￿c vr wkh htxloleulxp dw
R ’flv vwdeoh1
Sursrvlwlrq 7 frq?upv wkdw uhflsurfdo suhihuhqfhv fdq shuvlvw lq frpshwlwlrq zlwk pd0
whuldolvw suhihuhqfhv xqghu +qrqdvvruwdwlyh, udqgrp pdwfklqj/ dqg wkdw lw lv srvvleoh lq wklv
hqylurqphqw iru pdwhuldolvw suhihuhqfhv wr eh holplqdwhg hqwluho|1 Ixuwkhupruh/ lq frqwudvw
zlwk wkh fdvh ri lqglylgxdo vhohfwlrq/ d srsxodwlrq ri uhflsurfdwruv fdq uhvlvw lqydvlrq e| pd0
whuldolvwv hyhq zkhq wkh suhvhqfh ri d vlqjoh pdwhuldolvw lq d jurxs ri uhflsurfdwruv grhv qrw
fdxvh wkh odwwhu wr ehfrph vslwhixo1 Wklv iroorzv iurp wkh idfw wkdw wkh wkuhvkrog ￿ b￿?￿ ￿
lq Sursrvlwlrq 71 Wkh lqwxlwlrq iru wklv lv dv iroorzv1 Zkhq d vlqjoh pdwhuldolvw lv suhvhqw lq d
jurxs ri uhflsurfdwruv/ wkh odwwhu frqwlqxh wr uhpdlq dowuxlvwlf exw ehfrph ohvv vr1 Surylghg
wkdw wkh uhgxfwlrq lq dowuxlvp lv vx!flhqwo| juhdw Eb:￿ b￿ wkh dyhudjh jurxs sd|r> lv orzhuhg
vljql?fdqwo| uhodwlyh wr wkh fdvh ri jurxsv frqwdlqlqj rqo| uhflsurfdwruv1 Khqfh/ dowkrxjk
wkh vlqjoh pdwhuldolvw rxwshuirupv wkh uhflsurfdwruv lq khu jurxs/ khu sd|r> lv orzhu wkdq
wkdw zklfk uhflsurfdwruv hduq lq prqrprusklf jurxsv1 Vlqfh doprvw doo uhflsurfdwruv ?qg
wkhpvhoyhv lq prqrprusklf jurxsv zkhq R lv vx!flhqwo| vpdoo/ pdwhuldolvwv fdqqrw lqydgh1
Zh qh{w wxuq wr wkh txhvwlrq ri h!flhqf|/ zklfk lv fulwlfdo lq xqghuvwdqglqj zkhwkhu
uhflsurfdo suhihuhqfhv duh idyruhg xqghu dvvruwdwlyh lqwhudfwlrq dqg jurxs vhohfwlrq1
9H ! f l h q f |
Wkhuh duh dw ohdvw wzr uhdvrqv zk| wkh lvvxh ri h!flhqf| lv lpsruwdqw iru xqghuvwdqglqj
wkh hyroxwlrq ri suhihuhqfhv1 Iluvw/ li jurxs vhohfwlrq lv dq lpsruwdqw irufh lq ghwhuplqlqj
wkh idwh ri srsxodwlrqv/ iru lqvwdqfh wkurxjk wkh froodsvh ru h{wlqfwlrq ri srruo| shuirup0
lqj jurxsv/ wkhq suhihuhqfhv wkdw duh h!flhqf| hqkdqflqj duh oldeoh wr eh idyruhg1 Vhfrqg/
li jurxs irupdwlrq rffxuv xqghu yroxqwdu| dvvrfldwlrq udwkhu wkdq udqgrp pdwfklqj/ wkhq
lw pd| eh dgydqwdjhrxv iru wkrvh zlwk h!flhqf| hqkdqflqj suhihuhqfhv wr vhhn hdfk rwkhu
rxw lq wkh irupdwlrq ri jurxsv1 Prvw hyroxwlrqdu| h{sodqdwlrqv ri sxuh dowuxlvp duh edvhg
rq rqh ru erwk ri wkhvh surfhvvhv ri jurxs vhohfwlrq dqg dvvruwdwlyh lqwhudfwlrq +Vrehu dqg
Zlovrq/ 4<<;,1 Sxuh dowuxlvp/ krzhyhu/ vx>huv iurp hyroxwlrqdu| glvdgydqwdjhv xqghu lqgl0
ylgxdo vhohfwlrq ru udqgrp pdwfklqj lq pdq| vwudwhjlf hqylurqphqwv1 Lq frqwudvw/ uhflsurfdo
suhihuhqfhv fdq |lhog vrph ri wkh vdph jurxs ehqh?wv wkdw dowuxlvp grhv/ zlwkrxw ehlqj yxo0
qhudeoh lq frpshwlwlrq zlwk pdwhuldolvw suhihuhqfhv xqghu lqglylgxdo vhohfwlrq1 Wkh iroorzlqj
uhvxow lv d irupdo vwdwhphqw ri wkh idfw wkdw jurxsv ri uhflsurfdwruv rxwshuirup jurxsv ri
pdwhuldolvwv1
54Sursrvlwlrq 81 Vxssrvh K 5Dlv vhsdudeoh vdwlv?hv EQV￿cED4￿c EVV￿/ dqg EEF￿1W k h q /l i
% lv dq htxloleulxp ri KEf￿ dqg + lv dq htxloleulxp ri KE?￿cZ ￿E%￿ :Z ￿E+￿ iru doo ￿ 5 U1
Surri1 Frqvlghu dq| v|pphwulf dfwlrq sur?oh % ’E 5cØØØc5￿ zkhuh 5 5 d@cKo1W k hs d | r > wr
hdfk sod|hu dw % lv jlyhq e| ‘E5￿’ME5c?5￿Ø Qrwh wkdw ‘￿E5￿’M￿E5c?5￿n?M2E5c?5￿’
AE5c?5￿nE ? ￿ ￿￿M2E5c?5￿1 Frqglwlrqv ED4￿c EVV￿ dqg M￿2 ’fwrjhwkhu lpso| wkdw
‘
￿￿E5￿’M￿￿E5c?5￿n2 ?M￿2E5c?5￿n?
2M22E5c?5￿ ￿ fØ +8,
Ohw e ’ dujpd{5Md@cKo‘E5￿1 Wklv lv wkh dfwlrq zklfk/ li wdnhq e| doo sod|huv/ |lhogv wkh kljkhvw
sd|r> wr hdfk dprqj wkh vhw ri v|pphwulf dfwlrq sur?ohv1
Ohw %6 eh dq htxloleulxp ri KE?￿ dqg %o dq htxloleulxp ri KEf￿Ø Iurp Ohppd 4/ htxloleuld
ri KE?￿ dqg KEf￿ duh v|pphwulf xqghu wkh vwdwhg frqglwlrqv1 Khqfh wkhuh h{lvw Sc_ 5 d@cKo
vxfk wkdw %6 ’E ScØØØcS￿ dqg %o ’E _cØØØc_￿1I u r pEEF￿cS5 E@cK￿Ø Zh fodlp wkdw _ 5 d@cK￿1
W rv h hz k | /q r w hw k d wi r u% ’E KcØØØcK￿ wr eh dq htxloleulxp ri KEf￿czh pxvw kdyh Y￿￿*Y%￿ Ł f




’ AEKc?K￿nqoE? ￿ ￿￿M2EKc?K￿ ￿ fc
d frqwudglfwlrq1 Khqfh _ 5 d@cK￿Ø Frqvlghu wkh iroorzlqj wzr fdvhv1
+l, Vxssrvh _ ’ @Ø Wkhq d qhfhvvdu| frqglwlrq iru htxloleulxp lv
Y￿￿
Y%￿
’ AE@c?@￿nqo E? ￿ ￿￿M2E@c?@￿ Ø fØ
Exw vlqfh qo 5 Efc￿￿ dqg M2 ￿ f iurp EQV￿c wklv lpsolhv wkdw
AE@c?@￿nE ? ￿ ￿￿M2E@c?@￿’‘
￿E@c?@￿ ￿ fØ
Wkh deryh/ wrjhwkhu zlwk E8￿/ lpsolhv wkdw e ’ _ ’ @1V l q f hS:@ cdqg e ’ dujpd{5Md@cKo‘E5￿c
zh kdyh ‘Ee￿’‘E_￿ :‘ES￿ dv uhtxluhg1
+ll, Vxssrvh _ 5 E@cK￿Ø Frqvlghu wkh iroorzlqj ixqfwlrq
CE5cq￿’M￿E5c?5￿nM2E5c?5￿nq E? ￿ ￿￿M2E5c?5￿Ø
Qrwh wkdw li q ’f cC E5cq￿’flv d qhfhvvdu| frqglwlrq iru htxloleulxp lq KE?￿( li q ’ qoc
CE5cq￿’flv d qhfhvvdu| frqglwlrq iru htxloleulxp lq KEf￿c dqg li q ’￿ cC E5cq￿’f
fruuhvsrqgv wr wkh frqglwlrq ‘ ￿E5￿’f 1Q r w hd o v rw k d w
YC
Y5
’ M￿￿ n ?M￿2 nE ￿nq E? ￿ ￿￿￿EM￿2 n ?M22￿ ￿ f
55iru doo q 5 dfc￿o iurp ED4￿c EVV￿dqg M￿2 ’f 1 Dsso|lqj wkh lpsolflw ixqfwlrq wkhruhp/







vlqfh YC*Yq ’E ? ￿ ￿￿M2E5c?5￿ ￿ f iurp EQV￿1K h q f h 5E￿￿ ￿5 Eqo￿ ￿5 Ef￿1L i 5E￿￿ ￿@
wkhq e ’ @( rwkhuzlvh e ’ 5E￿￿1L qh l w k h uf d v h /e￿5 Eqo￿’_￿5 Ef￿ ’ Sc vr iurp E8￿ dqg
wkh idfw wkdw e ’ dujpd{5Md@cKo‘E5￿c zh kdyh ‘E_￿ :‘ES￿ dv uhtxluhg1
Wkh deryh uhvxow vxjjhvwv wkdw jurxs vhohfwlrq ru shuihfwo| dvvruwdwlyh lqwhudfwlrq vkrxog
idyru wkh jurzwk ri uhflsurfdwruv ryhu jurxsv ri pdwhuldolvwv1 Krzhyhu/ dowkrxjk d prqrpru0
sklf jurxs ri uhflsurfdwruv grhv ehwwhu wkdq d prqrprusklf jurxs ri pdwhuldolvwv/ lw lv qrw
wkh fdvh wkdw wkh dyhudjh sd|r> lq d jurxs lqfuhdvhv prqrwrqlfdoo| zlwk wkh qxpehu ri
uhflsurfdwruv1 Lq jurxsv frqvlvwlqj odujho| ri pdwhuldolvwv/ uhflsurfdwruv dfw lq d vslwhixo
pdqqhu/ fkrrvlqj kljkhu dfwlrqv lq htxloleulxp wkdq zrxog eh rswlpdo iurp d sxuho| pdwh0
uldo vwdqgsrlqw1 Wklv fdq fdxvh jurxsv zlwk d vpdoo qxpehu ri uhflsurfdwruv wr rewdlq orzhu
dyhudjh sd|r>v wkdq prqrprusklf jurxsv ri hlwkhu w|sh1 Wkh iroorzlqj qxphulfdo h{dpsoh
looxvwudwhv wklv1
H{dpsoh 61V x s s r v h K lv d frpprq srro uhvrxufh jdph +vhh H{dpsoh 5, jdph zlwk
łEf￿’￿ f￿ fc ￿ ’￿ c?’2 f cb’2 c dqg k ’f ØDØ Lw fdq eh vkrzq wkdw htxloleuld ri
KE&￿ d u hx q l t x hi r ud o o&1O h w7 ZE&￿ eh wkh phdq htxloleulxp sd|r> lq wkh jurxs zkhq wkh
srsxodwlrq frpsrvlwlrq lv &1 Frpsxwdwlrq ri htxloleuld |lhogv 7 ZE?￿’f Ø￿He ￿ fØD.H ’ 7 ZEf￿1
Krzhyhu/ 7 ZE&￿ grhv qrw ghfolqh prqrwrqlfdoo| zlwk &c dv vkrzq lq Iljxuh 41
Wkh idfw wkdw uhflsurfdwruv fdq eh h!flhqf|0uhgxflqj zkhq wkh| duh uduh vxjjhvwv wkdw
xqghu jurxs vhohfwlrq/ pl{hg jurxsv zloo whqg wr kdyh wkh orzhvw survshfwv iru vxuylydo1 Wkh
jurxsv zklfk surolihudwh idvwhvw zloo eh prqrprusklf jurxsv ri uhflsurfdwruv/ zklfk +iurp
Sursrvlwlrq 8, rxwshuirup prqrprusklf jurxsv ri pdwhuldolvwv1 Dowkrxjk zh gr qrw h{soruh
wkh h>hfwv ri jurxs vhohfwlrq irupdoo| lq wkh suhvhqw sdshu/ lw lv hdv| wr frqvwuxfw prghov
ri lqwhujurxs frpshwlwlrq lq zklfk wkh h!flhqf|0hqkdqflqj h>hfwv ri uhflsurfdo suhihuhqfhv
+zkhq wkh| duh vx!flhqwo| zlghvsuhdg, fdxvhv vxfk suhihuhqfhv wr rxwfrpshwh sxuho| vhoi0
uhjduglqj suhihuhqfhv1 Jurxs vhohfwlrq lq jhqhudo whqgv wr idyru wkh vxuylydo ri h!flhqf|0
hqkdqflqj wudlwv +vhh/ iru lqvwdqfh/ Fdqdov dqg Yhjd0Uhgrqgr/ 4<<;/ dqg wkh uhihuhqfhv flwhg
wkhuhlq1,












Iljxuh 41 Dyhudjh jurxs sd|r>v dv d ixqfwlrq ri srsxodwlrq frpsrvlwlrq1
Ilqdoo|/ frqvlghu wkh fdvh ri dvvruwdwlyh lqwhudfwlrq lq zklfk lqglylgxdov irup jurxsv e|
yroxqwdu| dvvrfldwlrq1 Wklv zrxog uhvxow lq shuihfw dvvruwdwlrq uhjdugohvv ri b1 Wr vhh wklv/
qrwh wkdw li b:?￿ ￿ wkhq pdwhuldolvwv zrxog suhihu wr dvvrfldwh h{foxvlyho| zlwk hdfk
rwkhu/ vlqfh hyhq d vlqjoh pdwhuldolvw lq wkh suhvhqfh ri uhflsurfdwruv zrxog fdxvh wkh odwwhu
wr ehfrph vslwhixo1 Li/ rq wkh rwkhu kdqg/ b￿?￿ ￿c wkhq uhflsurfdwruv zloo dvvrfldwh
h{foxvlyho| zlwk hdfk rwkhu1 Wklv lv ehfdxvh wkh suhvhqfh ri d vlqjoh pdwhuldolvw lq d jurxs ri
uhflsurfdwruv erwk orzhuv wkh dyhudjh sd|r> lq wkh jurxs dqg uhvxowv lq d kljkhu sd|r> iru wkh
pdwhuldolvw uhodwlyh wr wkh uhflsurfdwruv1 Wkhvh wzr idfwv wrjhwkhu lpso| wkdw wkh pdwhuldo
sd|r> ri hdfk uhflsurfdwru lv vwulfwo| orzhuhg1 Jlyhq wkdw wkhlu remhfwlyh ixqfwlrq sodfhv
srvlwlyh zhljkw rq wkh sd|r>v ri rwkhu uhflsurfdwruv dqg qhjdwlyh zhljkw rq wkh sd|r> ri
pdwhuldolvw/ wklv lpsolhv d orzhu ydoxh ri wkhlu remhfwlyh ixqfwlrq1 Frqvhtxhqwo|/ uhflsurfdwruv
zloo suhihu wr dvvrfldwh h{foxvlyho| zlwk hdfk rwkhu/ ohdglqj wr shuihfw dvvruwdwlrq1 Sursrvlwlrq
8 wkhq lpsolhv wkdw uhflsurfdwruv zloo rxwshuirup pdwhuldolvwv lq wkh srsxodwlrq dv d zkroh1
: Frqfoxvlrqv
Wkh dqdo|vlv lq wklv sdshu vxjjhvwv wkdw d srsxodwlrq ri vhoi0uhjduglqj pdwhuldolvwv pd| eh
xqvwdeoh lq wkh suhvhqfh ri uhflsurfdo suhihuhqfhv xqghu d ydulhw| ri hyroxwlrqdu| vhohfwlrq
57surfhvvhv/ lqfoxglqj lqglylgxdo vhohfwlrq/ udqgrp pdwfklqj/ jurxs vhohfwlrq dqg dvvruwdwlyh
lqwhudfwlrq1 Lqglylgxdov hqgrzhg zlwk vxfk suhihuhqfhv duh zloolqj wr pdnh pdwhuldo vdful0
?fhv wr uhzdug rwkhuv zkr duh vlploduo| glvsrvhg/ dqg wr sxqlvk wkrvh zkr duh qrw1 Wkhlu
prwlydwlrq iru grlqj vr grhv qrw dulvh iurp dq| survshfwv ri ixwxuh pdwhuldo uhzdug1 Vxfk
suhihuhqfhv qrw rqo| khos dffrxqw iru h{shulphqwdo gdwd iurp d glyhuvh vhw ri vrxufhv/ wkh|
dovr dffrug zlwk wkh idfwv ri hyhu|gd| h{shulhqfh1 Hyhq zlwkrxw dq| klvwru| ri sulru lqwhudf0
wlrq/ dqg zlwk olwwoh ru qr survshfw ri ixwxuh lqwhudfwlrq/ shrsoh duh riwhq dowuxlvwlf wrzdugv
rwkhuv zkr duh shufhlyhg wr eh vlploduo| dowuxlvwlf/ dqg pd| hyhq jdlq sohdvxuh iurp uhgxf0
lqj wkh zhoo ehlqj ri wkrvh zkr duh shufhlyhg wr eh vho?vk ru vslwhixo1 Vxfk ehkdylru kdv
lqfuhdvlqjo| frph wr eh uhfrjql}hg dv dq lpsruwdqw dvshfw ri kxpdq ghflvlrq pdnlqj zlwk
vljql?fdqw vrfldo dqg hfrqrplf lpsolfdwlrqv vxfk dv wkh grzqzdug uljlglw| ri uhdo zdjhv/ wkh
sulydwh surylvlrq ri fhuwdlq sxeolf jrrgv/ wkh vxvwdlqdeoh pdqdjhphqw ri qdwxudo uhvrxufhv
lq orfdo frpprqv/ yroxqwdu| grqdwlrqv ri wlph dqg h>ruw/ dqg wkh ghfhqwudol}hg hqirufhphqw
ri frrshudwlyh vrfldo qrupv +vhh Ihku dqg J￿fkwhu/ 4<<;/ iru d uhfhqw vxuyh| ri wkh uhohydqw
olwhudwxuh1,
D qdwxudo h{whqvlrq ri wkh suhvhqw zrun zrxog eh wkh hqgrjhql}dwlrq ri wkh suhihuhqfh
sdudphwhuv1 Wkh fodvv ri suhihuhqfhv frqvlghuhg khuh lv odujh dqg ydulhv dorqj wzr glphqvlrqv=
wkh ghjuhh ri dowuxlvp dqg wkh ghjuhh ri vhqvlwlylw| wr wkh dowuxlvp ri rwkhuv1 Zkloh d zlgh
udqjh ri sdudphwhu ydoxhv lv frqvlvwhqw zlwk vxuylydo djdlqvw pdwhuldolvwv/ d pxfk qduurzhu
udqjh pd| eh h{shfwhg wr vxuylyh zkhq vhyhudo phpehuv ri wklv fodvv ri suhihuhqfhv duh lq
frpshwlwlrq zlwk hdfk rwkhu1 Dqrwkhu srvvleoh h{whqvlrq ri wklv zrun zrxog eh wr vwxg|
wkh hyroxwlrq ri uhflsurfdo suhihuhqfhv lq rwkhu hqylurqphqwv olnho| wr kdyh ehhq lpsruwdqw
lq wkh hyroxwlrq ri kxpdq ehkdylru/ vxfk dv pxowl0vwdjh jdphv zklfk doorz iru wkh frvwo|
vdqfwlrqlqj ri sulru dfwlrqv1 Xqghu lqfrpsohwh lqirupdwlrq/ lqglylgxdov zrxog eh lqgxfhg wr
wdnh lqwr dffrxqw wkh h>hfw ri wkhlu dfwlrqv rq wkh eholhiv ri rwkhuv uhjduglqj wkh glvwulexwlrq
ri suhihuhqfhv +dv lq Nuhsv hw do1/ 4<;5/ iru lqvwdqfh1, Dq hyroxwlrqdu| dqdo|vlv wkdw doorzv
iru vxfk vljqdoolqj h>hfwv frxog srwhqwldoo| |lhog vljql?fdqw qhz lqvljkwv1
58Uhihuhqfhv
^4‘ Dqguhrql/ M1 dqg M1K1 Ploohu +4<<<,1 3Jlylqj dffruglqj wr JDUS= Dq H{shulphqwdo Whvw
ri wkh Udwlrqdolw| ri Dowuxlvp14 VVUL Zrunlqj Sdshu <<35/ Xqlyhuvlw| ri Zlvfrqvlq1
^5‘ D{hourg/ U1 dqg Z1G1 Kdplowrq +4<;4,1 3Wkh Hyroxwlrq ri Frrshudwlrq14 Vflhqfh 544=
46<3846<91
^6‘ Ehvwhu/ K1 dqg Z1 J￿wk +4<<;,1 3Lv Dowuxlvp Hyroxwlrqdulo| VwdeohB4 Mrxuqdo ri Hfr0
qrplf Ehkdylru dqg Rujdql}dwlrq 67= 4<6053<1
^7‘ Eorxqw/ V1 +4<<8,1 3Zkhq Vrfldo Rxwfrphv Duhq*w Idlu= Wkh H>hfw ri Fdxvdo Dwwul0
exwlrqv rq Suhihuhqfhv14 Rujdql}dwlrqdo Ehkdylru dqg Kxpdq Ghflvlrq Surfhvvhv 96=
4648771
^8‘ Erowrq/ J1 +4<<4,= 3D Frpsdudwlyh Prgho ri Edujdlqlqj= Wkhru| dqg Hylghqfh14 Dphu0
lfdq Hfrqrplf Uhylhz ;4= 43<9044691
^9‘ Erowrq/ J1 dqg D1 Rfnhqihov +4<<;,1 3HUF= D Wkhru| ri Htxlw|/ Uhflsurflw| dqg Frp0
shwlwlrq14 Plphr/ Shqqv|oydqld Vwdwh Xqlyhuvlw|1
^:‘ Erzohv/ V1 dqg K1 Jlqwlv +4<<;,1 3Wkh Hyroxwlrq ri Vwurqj Uhflsurflw|14 Vdqwd Ih Lq0
vwlwxwh Zrunlqj Sdshu <;03;03:6H1
^;‘ Er|g/ U1 dqg S1M1 Ulfkhuvrq +4<;<,1 3Wkh Hyroxwlrq ri Lqgluhfw Uhflsurflw|14 Vrfldo
Qhwzrunv 44= 54685691
^<‘ Fdqdov/ M1 dqg I1 Yhjd0Uhgrqgr +4<<;,1 3Pxowl0ohyho Hyroxwlrq lq Srsxodwlrq Jdphv14
Lqwhuqdwlrqdo Mrxuqdo ri Jdph Wkhru| 5:= 548681
^43‘ Frufk￿q/ O1 +4<<9,1 Wkhrulhv ri Lpshuihfwo| Frpshwlwlyh Pdunhwv1 Ehuolq= Vsulqjhu0
Yhuodj1
^44‘ Ghnho/ H1/ M1 Ho| dqg R1 \lodqnd|d +4<<;,1 3H y r o x w l r qr iS u h i h u h q f h v 1 4 Plphr/ Qruwk0
zhvwhuq Xqlyhuvlw|1
^45‘ Gxeh|/ S1/ Pdv0Frohoo/ D1/ dqg Vkxeln/ P1 +4<;3,1 3H!flhqf| Surshuwlhv ri Vwudwhjlf
Pdunhw Jdphv14 Mrxuqdo ri Hfrqrplf Wkhru| 55= 66<06951
^46‘ Gxizhqehuj/ P1 dqg J1 Nlufkvwhljhu +4<<;,1 3D Wkhru| ri Vhtxhqwldo Uhflsurflw|14
FhqwHU Glvfxvvlrq sdshu <;6:/ Wloexuj Xqlyhuvlw|1
59^47‘ Ho|/ M1 dqg R1 \lodqnd|d +4<<:,1 3Hyroxwlrq ri Suhihuhqfhv dqg Qdvk Htxloleulxp14
Plphr/ Qruwkzhvwhuq Xqlyhuvlw|1
^48‘ Idon D1 dqg X1 Ilvfkedfkhu +4<<;,1 3DW k h r u |r iU h f l s u r f l w | 1 4 Plphr/ Xqlyhuvlw| ri
]xulfk1
^49‘ Ihku/ H1 dqg V1 J￿fkwhu +4<<;,1 3Uhflsurflw| dqg Hfrqrplfv= Wkh Hfrqrplf Lpsolfd0
wlrqv ri Krpr Uhflsurfdqv14 Hxurshdq Hfrqrplf Uhylhz 75= ;7888<1
^4:‘ Ihku/ H1/ J1 Nlufkvwhljhu/ dqg D1 Uhlgo +4<<6,1 3Grhv Idluqhvv Suhyhqw Pdunhw FohdulqjB
Dq H{shulphqwdo Lqyhvwljdwlrq14 Txduwhuo| Mrxuqdo ri Hfrqrplfv 43;= 76:87931
^4;‘ Ihku/ H1 dqg N1P1 Vfkplgw +4<<:,1 3D Wkhru| ri Idluqhvv/ Frpshwlwlrq/ dqg Frrshud0
wlrq14 Plphr/ Xqlyhuvlw| ri ]xulfk1
^4<‘ Ixghqehuj/ G1 dqg H1V1 Pdvnlq +4<;9,1 3Wkh Iron Wkhruhp lq Uhshdwhg Jdphv zlwk
Glvfrxqwlqj ru zlwk Lqfrpsohwh Lqirupdwlrq14 Hfrqrphwulfd 87= 86688871
^53‘ Jhdqdnrsrorv/ M1/ G1 Shdufh dqg H1 Vwdffkhwwl +4<;<,/ 3Sv|fkrorjlfdo Jdphv dqg Vh0
txhqwldo Udwlrqdolw|14 Jdphv dqg Hfrqrplf Ehkdylru 4= 938:<1
^54‘ J￿wk/ Z1/ U1 Vfkplwwehujhu dqg E1 Vfkzdu}h +4<;5,1 3Dq H{shulphqwdo Dqdo|vlv ri
Xowlpdwxp Edujdlqlqj14 Mrxuqdo ri Hfrqrplf Ehkdylru dqg Rujdql}dwlrq 6= 69:86;;1
^55‘ J￿wk/ Z1/ dqg P1 \ddul +4<<5,1 3H{sodlqlqj Uhflsurfdo Ehkdylru lq Vlpsoh Vwudwhjlf
Jdphv= Dq Hyroxwlrqdu| Dssurdfk/4 lq X1 Zlww/ hg1/ H{sodlqlqj Irufhv dqg Fkdqjh=
Dssurdfkhv wr Hyroxwlrqdu| Hfrqrplfv1 Dqq Dueru= Xqlyhuvlw| ri Plfkljdq Suhvv1
^56‘ Lvddf/ U1P1 dqg M1P1 Zdonhu +4<;;,1 3Jurxs Vl}h H>hfwv lq Sxeolf Jrrgv Surylvlrq=
Wkh Yroxqwdu| Frqwulexwlrq Phfkdqlvp14 Txduwhuo| Mrxuqdo ri Hfrqrplfv 436= 4:<8
5331
^57‘ Nuhsv/ G1/ S1 Plojurp/ M1 Urehuwv dqg U1 Zlovrq +4<;5,1 3Udwlrqdo Frrshudwlrq lq wkh
Ilqlwho| Uhshdwhg Sulvrqhuv* Glohppd14 Mrxuqdo ri Hfrqrplf Wkhru| 5:= 5788851
^58‘ Ndkqhpdq/ G1/ M1O1 Nqhwvfk dqg U1 Wkdohu +4<;9,1 3Idluqhvv dqg wkh Dvvxpswlrqv ri
Hfrqrplfv14 Mrxuqdo ri Exvlqhvv 8<= V5;886331
^59‘ NrŒnhvhq/ O1/ Rn/ H1D1/ dqg Vhwkl/ U1 +4<<:,1 3Wkh Vwudwhjlf Dgydqwdjh ri Qhjdwlyho|
Lqwhughshqghqw Suhihuhqfhv14 F1Y1 Vwduu Fhqwhu Zrunlqj Sdshu <:067/ Q\X1
5:^5:‘ NrŒnhvhq/ O1/ Rn/ H1D1/ dqg Vhwkl/ U1 +4<<;,1 3Hyroxwlrq ri Lqwhughshqghqw Suhihuhqfhv
lq Djjuhjdwlyh Jdphv14 Jdphv dqg Hfrqrplf Ehkdylru/i r u w k f r p l q j 1
^5;‘ Ohylqh/ G1 +4<<;,1 3Prgholqj Dowuxlvp dqg Vslwhixoqhvv lq H{shulphqwv14 Uhylhz ri
Hfrqrplf G|qdplfv 4= 8<689551
^5<‘ Qrzdn/ P1D1 dqg N1 Vljpxqg +4<<;,1 3Hyroxwlrq ri Lqgluhfw Uhflsurflw| e| Lpdjh
Vfrulqj14 Qdwxuh 6<6= 8:688::1
^63‘ Rn/ H1D1 dqg I1 Yhjd0Uhgrqgr +4<<<,1 3Rq wkh Hyroxwlrq ri Lqglylgxdolvwlf Suhihuhqfhv=
Frpsohwh Yhuvxv Lqfrpsohwh Lqirupdwlrq Vfhqdulrv14 Plphr/ Q\X1
^64‘ Udelq/ P1 +4<<6,1 3Lqfrusrudwlqj Idluqhvv lqwr Jdph Wkhru| dqg Hfrqrplfv14 Dphul0
fdq Hfrqrplf Uhylhz ;6= 45;4846351
^65‘ Urwk/ D1H1/ Y1 Sudvqlnhu/ P1 Rnxqr0Ixmlzdud/ dqg V1 ]dplu +4<<4,1 3Edujdlqlqj dqg
Pdunhw Ehkdylru lq Mhuxvdohp/ Olxeomdqd/ Slwwvexujk/ dqg Wrn|r= Dq H{shulphqwdo
Vwxg|14 Dphulfdq Hfrqrplf Uhylhz ;4= 439;843<81
^66‘ Vplwk/ Y1 +4<;5,1 3Plfurhfrqrplf V|vwhpv dqg dq H{shulphqwdo Vflhqfh14 Dphulfdq
Hfrqrplf Uhylhz :5= <568<881
^67‘ Vrehu/ H1 dqg G1V1 Zlovrq +4<<;,1 Xqwr Rwkhuv= Wkh Hyroxwlrq dqg Sv|fkrorj| ri
Xqvho?vk Ehkdylru1 Kduydug Xqlyhuvlw| Suhvv1
^68‘ Wulyhuv/ U1O1 +4<:4,1 3Wkh Hyroxwlrq ri Uhflsurfdo Dowuxlvp4 Txduwhuo| Uhylhz ri El0
rorj| 79= 6888:1
5;